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Abstract

A digraph without loops, multiple arcs and directed cycles of length two
is called a local tournament if the set of in-neighbors as well as the set of
out-neighbors of every vertex induces a tournament.

In this paper we consider the following problem: Given a strongly con-
nected local tournament D of order n and an integer 3 < r < n. How many
directed cycles of length r exist in D?

Bang-Jensen [1] showed in 1990 that every strongly connected local tour-
nament has a directed Hamiltonian cyele, thus solving the case r = n. In
2009, Meierling and Volkmann [8] showed that a strongly connected lo-
cal tournament D has at least n — r + 1 directed cycles of length r for
4 <r <n—1 unless it has a special structure.

In this paper, we investigate the case r = 3 and present a lower bound for
the number of directed cycles of length three. Furthermore, we characterize
the classes of local tournaments achieving equality in the bounds for r = 3
and r = n, respectively.

Keywords: Local Tournament; Number of Cycles

1 Terminology and Introduction

All digraphs mentioned here are finite without loops, multiple arcs and directed
cycles of length two unless noted otherwise. For a digraph D, we denote by V(D)
and E(D) the verter set and arc set of D, respectively. The number |V(D)] is
the order of the digraph D. The subdigraph induced by a subset A of V(D) is
denoted by D[A].

Let D be a digraph with V(D) = {vy,vs,...,v.} and let Hy, Hs,....H, be
a collection of digraphs. Then D[Hi, Hs, ..., H,| is the new digraph obtained
from D by replacing each vertex v; of D with H; and adding the arcs from every
vertex of H; to every vertex of H; if v;v; is an arc of D for all ¢ and j satisfying
1<i#j<r.



If xzy € E(D), then y is an out-neighbor of x and z is an in-neighbor of y,
and we also say that x dominates y and that y is dominated by x, denoted by
x — y. More generally, if A and B are two disjoint subdigraphs of a digraph
D such that every vertex of A dominates every vertex of B, then we say that A
dominates B and that B is dominated by A, denoted by A — B. The outset
N7 (x) of a vertex x is the set of out-neighbors of 2. More generally, for arbitrary
subdigraphs A and B of D, the outset N*(A, B) is the set of vertices in B to
which there is an arc from a vertex in A. The insets N~ (x) and N~ (A, B) are
defined analogously. The numbers d*(z) = |[N*(x)| and d (z) = [N~ (z)| are
called outdegree and indegree of x, respectively. The minimum outdegree 6 (D)
and the minimum indegree 6~ (D) of D are given by min {d*(z) : x € V(D)} and
min {d~(x) : @ € V(D)}, respectively. Furthermore, let §(D) denote the minimum
of 67(D) and 6=(D). A digraph D is said to be r-regular if the indegree and
outdegree of every vertex is equal to 7.

Throughout this paper, directed cycles and paths are simply called cycles and
paths. The length of a cycle C' or a path P is the number of arcs included in
C or P. Let C = xxo... 2521 be a cycle of length k. Then Clx;, z;], where
1 < 4,5 < k, denotes the subpath x;x;1...2; of C' with initial verter x; and
terminal vertex x;. Furthermore, if x is a vertex of C, then 2+ =z, denotes its
successor on C' and 2~ = x denotes its predecessor on C'. The notations for paths
are defined analogously.

A digraph D is said to be strongly connected or just strong, if for every pair x, y
of vertices of D, there is a path from x to y. We say that a digraph D is k-strongly
connected or just k-strong if D has at least &+ 1 vertices and for any set S of
vertices such that |S| <k, the subdigraph D — S is strong. A set S of vertices is
called a separating set if D —.S"is not strong. We speak of a minimal separating set
(minimum separating set) .S of a digraph D if D — S is not strong and there exists
no separating set S" C S with |S’| < |S| (no separating set S” with |S”| < |S]).

A digraph is semicomplete if for any two different vertices, there is either exactly
one arc or a cycle of length two between them. A tournament is a semicomplete
digraph without cycles of length two, e.g., an orientation of a complete undirected
graph.

Throughout this paper all subscripts are taken modulo the corresponding num-
ber.

In 1966, Moon [9] proved the following result concerning the number of cycles
of a specific length in tournaments.

Theorem 1.1 (Moon [9] 1966). Let T' be a strong tournament on n vertices and
let v be an integer such that 3 < r < n. Then T has at least n —r + 1 cycles of
length r for every 3 <r <n.

In 1975, Las Vergnas [7] characterized all strongly connected tournaments with
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minimum number of cycles of a given length 4 <r <n — 1.

Theorem 1.2 (Las Vergnas [7] 1975). Let T be a strong tournament on n > 5
vertices. Then T has at least n — r + 2 cycles of length r for every 4 <r <n —1
unless T' is isomorphic to Q,, where Q),, is the tournament of order n consisting
of a path x5 . .. x, and all arcs x;x; for i > j+ 1.

The class of strongly connected tournaments with exactly one Hamiltonian
cycle was characterized by Douglas [5] in 1970, and the class of strongly connected
tournaments with exactly n — 2 cycles of length three was characterized by Burzio
and Demaria [4] in 1990.

In 1990, Bang-Jensen [1] defined locally semicomplete digraphs to be the family
of digraphs where the in-neighborhood as well as the out-neighborhood of every
vertex induces a semicomplete digraph. In transferring the general adjacency only
to vertices that have a common out- or a common in-neighbor, locally semicomplete
digraphs are an interesting generalization of semicomplete digraphs. An important
subclass is the class of local tournaments which consists of locally semicomplete
digraphs without cycles of length two. Note that therefore all results concerning
locally semicomplete digraphs apply to local tournaments as well.

In his initial paper [1], Bang-Jensen showed, among other things, that a locally
semicomplete digraph is strong if and only if it has a Hamiltonian cycle. Note that
this result is a generalization of Moon’s Theorem 1.1 for the case r = n.

In 2009, Meierling and Volkmann [8] transferred Moon’s Theorem 1.1 to the
class of local tournaments. In order to state their results we need the following
definitions as well as an additional structural result.

Definition 1.3. A digraph on n wvertices is called a round digraph if its ver-

tices vy, Vs, . .., v, can be labelled such that N*(v;) = {vis1,Visa, - -, Vitat )} and
N7 (v;) = {vic1,Vizas - - -, Vieg—(vy) } Jor every i, where the subscripts are taken mod-
ulo n. We refer to vi,vs, ..., v, as a round labeling of D.

Definition 1.4. A locally semicomplete digraph D is round decomposable if there
exists a round local tournament R onr > 2 vertices such that D = R[Hy, Hs, ..., H,],
where each H; is a strong semicomplete digraph of D. We call R[Hy, Hs, ..., H,]
a round decomposition of D.

Definition 1.5. Let D be a strongly connected locally semicomplete digraph. The
quasi-girth g(D) of D is defined as follows: If D is round decomposable and it
has the round decomposition D = R[H1, Hs, ..., H,], then g(D) is the length of a
shortest cycle in R.

We are now able to present Meierling’s and Volkmann’s results. Note that
every strongly connected (local) tournament on less than five vertices is round
decomposable.



Theorem 1.6 (Meierling & Volkmann [8] 2009). Let D be a strong local tour-
nament on n > b wvertices that is not round decomposable. Then D has at least
n —r—+ 1 cycles of length r for every 4 <r <n.

Theorem 1.7 (Meierling & Volkmann [8] 2009). Let D be a strongly connected
and round decomposable local tournament on n > 5 vertices with the round decom-
position R[Dy, Ds, ..., Dy|, where p > 3. Let Cr be a shortest cycle of length g(D)
m R. Then

(a) D has at least n — r + 2 cycles of length r for every g(D) +2 <r<n-—1;

(b) D has at least n — g(D) cycles of length g(D) + 1 < n =1 with equality if and
only if

(i) |V(D;)| =1 for every component D; € V(Cg);
(i) if D; € V(CR), then D — x is not strong for every vertex x € V(D;);
(111) if D; ¢ V(Cg), then |V(D;)| < g(D).

They also proved the following result which is a generalization of Las Vergnas’
Theorem 1.2.

Theorem 1.8 (Meierling & Volkmann [8] 2009). Let D be a strong local tourna-
ment on n > 5 vertices with at least n + 2 arcs. If D s neither isomorphic to Q,
nor to Qf nor to a member of R*, then D has at least n — r + 2 cycles of length
r for every g(D) +1 <r <n—1. (Here Q, is defined as in Theorem 1.2, Q% is
defined by Qs —x4x2, and R* is the class of local tournaments that fulfill conditions
(i), (i) and (iii) of Theorem 1.7 (b)).

By presenting a class of strongly connected local tournaments on n vertices with
n — 3 cycles of length three, Meierling and Volkmann [8] showed that Theorem 1.1
cannot be transferred directly to the class of local tournaments.

In this paper we show that every strongly connected local tournament on n
vertices that is not round decomposable has at least n—3 cycles of length three and
characterize the local tournaments achieving equality in this bound. In addition,
the class of strongly connected local tournaments with exactly one Hamiltonian
cycle is elaborated.

2 Preliminary results

In his initial article [1] on local tournaments, Bang-Jensen introduced an important
decomposition of locally semicomplete digraphs.



Theorem 2.1 (Bang-Jensen [1] 1990). Let D be a strongly connected locally semi-
complete digraph and let S be a minimal separating set of D.

(a) If A and B are two strong components of D — S, then either there is no arc
between them or A dominates B or B dominates A;

(b) If A and B are two strong components of D — S such that A dominates B,
then D[A] and D[B] are semicomplete;

(¢) The strong components of D—S can be ordered in a unique way Dy, Ds, ..., Dy,
where p > 2, such that there are no arcs from D; to D; for j > 4, and D;
dominates D1 fori=1,2,...,p— 1.

The unique sequence Dy, Do, ..., D, is called the strong decomposition of D — S.
Furthermore, we call Dy the initial strong component and D, the terminal strong
component of D — §.

From the fact that every connected non-strong locally semicomplete digraph
has a unique strong decomposition, Guo and Volkmann [6] found a further useful
decomposition, which is formulated in the next theorem (see Theorem 3.3 in [2]
for the version stated here).

Theorem 2.2 (Guo & Volkmann [6] 1994). Let D be a strongly connected lo-
cally semicomplete digraph and let S be a minimal separating set of D. Let
Dy, Ds,...,D, be the strong decomposition of D —S. Then D — S can be de-
composed in v > 2 subdigraphs D}, D5, ..., D! as follows:

D} =Dy, Ay = p,Xis1 = min{j : N*(D;) N V(D;) # 0},
D£+1 a D[V(DMH) U V(D)‘i+l+1 U...UV(Dy-1))]
The subdigraphs Dy, D5, . .., DL satisfy the properties below:

(a) D, consists of some strong components of D and is semicomplete for i =
1,207

(b) D, dominates the initial strong component of D} and there exists no arc from
D; to Dy fori=1,2,...,r —1;

(¢) ifr = 3, then there is no arc between D; and D’ fori and j satisfying |j—i| > 2.

The unique sequence D7, D), ... D is called the semicomplete decomposition of

D-S5.

Furthermore, Bang-Jensen, Guo, Gutin and Volkmann [2] showed that locally
semicomplete digraphs which are not semicomplete have the following structure.
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Theorem 2.3 (Bang-Jensen, Guo, Gutin & Volkmann [2] 1997). Let D be a strong
locally semicomplete which is not semicomplete. Then D is not round decomposable
if and only if the following conditions are satisfied:

(a) There is a minimal separating set S of D such that D — S is not semicomplete
and for each such S the digraph D|S] is semicomplete and the semicomplete
decomposition of D — S has exactly three components D, D} and Dj;

(b) There are integers av, B, i, v with Ay < a < B <p—1landp+1 <pu<v<p+gq
such that

N7 (Do) NV (D,) # 0 and NT(Dy) NV (Dy)# 0 or
N=(D,)NV(D,) # 0 and N*(D,) NV (Dg) # 0,

where Dy, Dy, ..., D, and Dyi1, Dpio, ..., Dyiy are the strong decompositions
of D—S and DIS|, respectively, and Dy, is the initial strong component of D).

By refining the proof of the above result, Meierling and Volkmann [8] showed
the following result.

Theorem 2.4 (Meierling & Volkmann [8] 2009). Let D be a strong local tourna-
ment which is not a tournament and not round-decomposable. Let S be a minimal
separating set of D that satisfies the conditions of Theorem 2.3. Then one of the
following possibilities holds.

(a) There is a vertex s € S and wvertices x1, s € V(D)) with xt1 — s — x5 and D
has a Hamiltonian cycle C such that x, s the predecessor of x5 on C;

(b) There is a vertex « € V(D)) and vertices s1,s9 € S with s, — x — s and D
has a Hamiltonian cycle C' such that sy s the predecessor of sy on C.

Checking the proof of Theorem 2.4 in [8], one may observe the following fact
which is needed in Section 4.

Remark 2.5. In the situation of Theorem 2.4:

e [f (a) holds, then the vertices s, x1 and xo can be chosen such that ©; €
V(D,) and xo € V(Dg) with |a — (] < 1.

o If (b) holds, then the vertices s1, s2 and x can be chosen such that s; € V(D,,)
and sy € V(D,) with |p—v| < 1.

The following assertion, due to Bang-Jensen, Guo, Gutin and Volkmann, pro-
vides an important property concerning round decomposable, strong locally semi-
complete digraphs.



Proposition 2.6 (Bang-Jensen, Guo, Gutin & Volkmann [2] 1997). Let R[Hy, Ha, . ..

be a round decomposition of a strong locally semicomplete digraph. Then, for
every minimal separating set S, there are two integers i and k > 0 such that

3 Local Tournaments with exactly one Hamilto-
nian cycle

In this section, we characterize the class of local tournaments which are not tour-
naments and have exactly one Hamiltonian cycle.

Lemma 3.1. Let D be a strongly connected local tournament, S a separating set
of D, Dy, Dy, ..., D, the strong decomposition of D =S and Dyy1, Dpya, ..., Dpig
the strong decomposition of DI[S|, where p > 2 and q > 1. If D has a unique
Hamiltonian cycle and D;_y — D; — Dyy1, then |V (D;)| = 1.

Proof. Assume that |V(D;)| > 3. Let P be a Hamiltonian path of D[V (D;;) U
V(Diy2) ... UV(D;_1)] that starts in y, « an arbitrary vertex of D;, and C; a
Hamiltonian cycle of D;. Then PCy[x,z” |y and PC;[z", z]y are two Hamiltonian
cycles of D. O

Corollary 3.2. Let D be a strong local tournament with a unique Hamiltonian
cycle.

(i) If D = R[Dy, Do, ..., Dy] is round decomposable, then |V (D;)| = 1 fori =
1,2,....t.

(i1) If D is not a tournament, there is a minimal separating set S of D such that
D — S satisfies Theorem 2.3. Then |V (D;)| =1 fori=1,2,...,p+q.

Proof. It D = R[D, Ds, ..., D,] is round decomposable, then D;, ; — D; — D;.;
for'i = 1,2,...,t by definition. Therefore (i) is true by Lemma 3.1.

If D is not a tournament, let S be a minimal separating set of D such that
D — S satisfies Theorem 2.3. Then D; — D,y fori=1,2,...,p—1andi=p+
1,p+2,...,p+q—1. It remains to show that D, — D, and D,;, — D;. Since D
is strong, N*(D,,)NV(D;) # 0 and N*(D,)NV (Dyy1) # 0. If Dy #~ Dy, there
are vertices z € V(D;) and s € V(D,,) such that + — s. Since S is a minimal
separating set of D, s has an in-neighbor y in D,. Using the local tournament
property of D, we conclude that = and y are adjacent, a contradiction. We can
analogously show that D, — D, ;. The validity of (ii) follows by Lemma 3.1. O

We look now at local tournaments that are round decomposable.

, Hol



Theorem 3.3. Let D = R[Dy, Dy, ..., Dy] be a k-strongly connected, round de-
composable local tournament, where t > 3 and k > 1. Then D has a unique
Hamiltonian cycle if and only if |V (D;)| =1 fori=1,2,...,t and

(i) k=1 or
(ii) k=2, t is even and D is 2-reqular.

Proof. Suppose that V(D;) = {z;} for i =1,2,...,t. Clearly, C = x129...2:21 is
a Hamiltonian cycle of D.

If k=1, we may assume, without loss of generality, that D — x; is not strong.
Furthermore, if C' is not unique, D has a Hamiltonian cycle €’ that contains an
arc z;x;, where j > i+2. If t ¢ {4, j}, all paths leading from z; to x; in D include
x; and thus, the vertex z;,1 is not included in C’, a contradiction. Similarly, if
1 = t, C'" does not include z, and if j = ¢, ¢’ does not include x;_;, again a
contradiction.

If £k =2, tiseven and D is 2-regular, it is easy to see that D is the second
power of a t-cycle (see [3], Exercise 6.8). Hence E(D) consists of the arcs z;x;,4
and x;x;.2, where ¢ = 1,2,... t. If C' is not unique, we may assume, without loss
of generality, that D has a Hamiltonian cycle C’ that contains moxy. It follows
that C’ contains x1x3 and x315 and we can deduce inductively that C’ uses all
arcs T;T;12, where i = 1,2,...,¢t. But then C” is not a cycle, a contradiction.

Now suppose that D has a unique Hamiltonian cycle. Then |V(D;)| = 1
for « = 1,2,...,t by Corollary 3.2. If £ = 1, there is nothing to show. So let
k > 2 and let S be a minimum separating set of D which is chosen such that
S =V (Dpt1) UV (Dpia)U...UV(D,y,) with p4+ g =1, and Dy, Ds, ..., D, is the
strong decomposition of D —.S (this is possible by Proposition 2.6). Furthermore,
let D}, Dj,...,D. be the semicomplete decomposition of D — S as defined in
Theorem 2.2. Let S = {s1,s2,...,5,} withs; — s fori < j,andfor{ =1,2,...,r
let V(Dp) = {z,25,... 2%}, where n, = |V(D))|, with z{ — { for i < j. Note
that Dj is a transitive subtournament of D. Let P, be the unique Hamiltonian
path of Dj. Since D is round decomposable and k > 2, it follows that z{ — S —
and 28, — {20!, 257"}, The assumption that k > 2 yields d*(22,) > 2 and thus,
x2 — s, since D is round. We distinguish two cases.

Case 1: Suppose that |V(D.)| > 2. Then s, — {z}, 25} and s,y — 2. It
follows that

r r—1

Sq 1Ty s, Polah, ol 1P [yt ] Pofad, 2

ny > ne_q n2]81$2 <o 8g—1

is a second Hamiltonian cycle of D.
Case 2: Suppose that |V(D.)| = 1. Then s, — {7,z '} and s, ; — 7.



Subcase 2.1: Suppose that |V (Dj)| > 3 for an index 2 < ¢ < r — 1. Then

r r—1 _r—1 v L /-1 1
Sq10 Py T Prlay, @, oy s,
r—1 0 -1 -1 2 2
ry L myay, Prafry  m, ] Polag, w8180 800

is an additional Hamiltonian cycle of D.

Subcase 2.2: Suppose that |V (D})| = 2 for every index 2 < ¢ < r — 1. Then
we may assume that £ = ¢ = 2. Note that D has even order. Assume that there
exists a vertex x in D such that d*(z) > 3. We will show that D contains a second
Hamiltonian cycle. Note that = ¢ {x3, 23, ..., 257!, o}, 27}

If d*(s;) > 3, then s; — 2" and

L R A L A A A -t
is a second Hamiltonian cycle in D.
If d*(sy) > 3, then sy — 257! and

sowh tab T wdsiatat T o alsy

is a second Hamiltonian cycle in D.
If d*(23) > 3, then N (23) = SU{x{} and

r r—1_r—2 2 r—1_r—2 1
S1TYTY @y L. T5Sex) XY T ...T]S1
is an additional Hamiltonian cycle of D.
If d*(x%) > 3, then 3 — s; and
siwhah el R warysex T TR L wlsy

is a second Hamiltonian cycle of D.
Finally, if d* (2¢) > 3 for an index 3 < ¢ < r—1, then N*(2f) = {af, 247, 257}
and

—1, -2 1,02 1, =1 r—2 1, 4—
spatah a2 ahaet Tt adspa T atal T e sy

is an additional Hamiltonian cycle of D.
So dt(z) = 2 for every vertex z of D. Since d~(z) > k = 2, it follows that D
is 2-regular and the proof is complete. O

We now turn our attention to strongly connected local tournaments that are
not round decomposable.



Theorem 3.4. Let D be a k-strongly connected local tournament that is not
a tournament and not round decomposable. Let S be a separating set of D,
Dy, Ds, ..., D, be the semicomplete decomposition of D — S as described in The-
orem 2.8, and Dy.1, Dyyo, Dy the strong decomposition of D[S]. Then D has a
unique Hamiltonian cycle if and only if k =1 and |V(D;)| =1 for 1 <i<p+q.

Proof. By Corollary 3.2, we assume that [V(D;)| = 1 fori = 1,2,...,p+q. If
k =1, it is easy to see that D has a unique Hamiltonian cycle. So let & > 2 and
let C' be a Hamiltonian cycle of D. Then, by Theorem 2.3 and Remark 2.5, there
exist indices o and p such that either

H)2<a<p-2p+1<pu<ptqg V(D) = {v}y V(Dar1) = {w} and
V(D,) = {u} or

) 2<a<p-1Lp+1<pu<p+qg-—1,V(Ds) =A{u}, V(D,) = {v} and
V(Dyyr) = {w}

and v — v — w. In both cases
Clu™, v]uClw,u Ju™

is a second Hamiltonian cycle in D. O

4 Local Tournaments with the minimum number
of cycles of length three

By Theorem 1.7, the class of strongly connected, round decomposable local tour-
naments with the minimum number of cycles of a given length r» > 4 is already
characterized. The case r = 3 is treated in the next observation.

Observation 4.1. Let D = R[H,, Hs, ..., H,| be a strongly connected, round de-
composable local tournament.

(a) If g(D) > 4, then D has no 3-cycles if and only if |V(H;)| = 1 for i =
1,2,...,r.

(b) If g(D) =3, then D has at least one cycle of length three. It has exactly one
3-cycle if and only if |V (H;)| = 1 fori = 1,2,...,7 and R has exactly one
3-cycle.

In the remaining part of this section, we show that every strongly connected
local tournament D that is not a tournament and not round decomposable has at
least n — 3 cycles of length three and characterize the local tournaments achieving
equality in this bound.
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Theorem 4.2. Let D be a strongly connected local tournament that is not a tour-
nament. If D is not round decomposable, then D has at least |V (D)| — 3 cycles of
length three.

Proof. Let S be a separating set of D such that D — S fulfills the conclusions of
Theorem 2.3. By Remark 2.5 there are indices o, 3, p, v with Ay <a < <p—-1
and p+1 < p < v < p+qand vertices 21 € V(D,), z2 € V(Dg), s1 € V(D,) and
sy € V(D,) such that z1 — s; — x9 or s1 — x1 — Sy. By symmetry (reversing
the direction of each arc of D), we may assume that + — s — y with x € V(D,),
y € V(Dg) and s € V(D,,). Recall that § € {o,v+ 1}. Since s — Dy and s — y,
it follows that D; — y. In addition, since Dy — D; for i« = 2,3,...,D,,, we
conclude that D; — y for i =2,3,..., Dy, ;. Let 3 be a vertex of Dj and let ]
be a vertex of Dj.

For every vertex v € V(Dj) and every vertex w € V(D}), svxs and syws,
respectively, are cycles of length three in D.

If s € S\ {s}, then s — s or s — ¢. Since D is a local tournament, in the
first case s’ is adjacent to x and in the latter case s is adjacent to y. If s’ — «z,
then s'zxls’, if z — &, then s'z3zs, if s — v, then s'yrls’, and if y — s, then
s'z3ys’ is a cycle of length three in D.

If ze V(D)) \{z,y} and z — y or & — 2z, then z is adjacent to s, since D is
a local tournament. If s — z, then szals is a cycle of length three in D. If 2 — s
and z — y, then sz3zs is a cycle of length three in D. Finally, if z — s and y — z,
then syzs is a cycle of length three in D.

If 2 € V(D)) \ {z,y} such that y — 2z — =, then a = § and |V (D,)| > 3.
Since D, is a strong subtournament of D, it contains at least |V (D,)| — 2 cycles
of length three.

All in all, D contains at least

V(D3)[+ V(D] + (IS] = D)= (V(D3)| = 2) = [V(D)] = 3
cycles of length three. U

The local tournaments defined below show that Theorem 4.2 is sharp (see
Figure 1).

Example 4.3. We define four classes 1", T}, T;', T? of strongly connected local
tournaments that are not round decomposable.

(T.') Each digraph D has the following properties. The vertex set of D consists
of the four sets S = {s1,82,...,8,}, where ¢ > 1, A} = {x{} and A =
{ak 2k, . ,xflk} for k =23 such that ny > 2 and ny > 1. The arc set of D
is defined as follows. Let s; — s; and xf — x? fori1 < j and k = 2,3, and
let Ay — 21 — S — As. Furthermore, let 3 be an integer with 2 < 3 < ny
and let Az — {x% 22, ... ,x%} If B # 2, we define ng = 1.
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i=1: Let ¢ > 2 and § = 2. Additionally, D has the arcs 23 — s, — 3,

As — {a3, 25, 22}, S\ {sq} — o1 and s, — Ay \ {27},

i =2: Let ¢ = 1. Additionally, D has the arcs x7 — sy — a3 fori < § < j

2 2 2.
and Az — {5, 1, T3, 9, Tpy )5

i =3: Letng = 1. Additionally, D has the arcs {x3,x5,,,...,2;,} — S\ {s1}
and Ay \ {x3} — s1 — 23,

(T?) Each digraph D has the following properties. The vertex set of D consists
of the four sets S = {s}, Ay = {z}}, Ay = {x,y} U Z' U Z, where 7' =
{1, 2., 2 Y withr > 1 and Z =0 or Z ={z1,22,...,2} witht >1, and
As = {a},23,... 22 } with ng > 1. The arc set of D is defined as follows.
Let x} — a3, 2} — 2 and z; — z; for i < j, and let Ay — 1] = S — Az —
{z,y}UZ'. Furthermore, let x — y, x — s — y andy — Z' — x. Moreover,
let {z,y} UZ' — Z — s.

We shall now show that these digraphs are the only strongly connected local
tournaments that fulfill Theorem 4.2 with equality.

Theorem 4.4. Let D be a strongly connected local tournament that is not a tour-
nament. If D is not round decomposable, then D has_ exactly |V (D)| — 3 cycles of
length three if and only if D is isomorphic to a member-of T;* fori =1,2,3 or T2

Proof. To see that every local tournament D that is isomorphic to a member of
7! for i = 1,2,3 or T2 has exactly |V (D)| — 3 cycles of length three, note that
there is no 3-cycle in D[S] or D[A;] for j =1,3. Furthermore, if D is a member
of 7;!, there is no 3-cycle in D[A,].

If D € 7}, the only 3-cycles in D are s,vzis,, where v is an arbitrary vertex of
As, sqwxis,, where w # x7 is an arbitrary vertex of Ay, and s'ziz1s’, where s’ in
an arbitrary vertex of S'\ {s,}. Hence D has exactly |A3| + (|]A2| — 1)+ (|S|—1) =
|[V(D)| = 3 cycles of length three.

If D € 7.}, the only 3-cycles in D are s;vws;, where v is an arbitrary vertex
of Ag and w = :Ejz with 1 < j < 8, and syw'ris;, where w' = x? with 7 < 7 < no.
So, if B = 2, then D has exactly |As| + (|A2] — 1) = |V(D)| — 3 cycles of length
three. If B > 2, then |A3] = 1 by definition. It follows that D has exactly
(B—=1)+ (JAs| — (B—1)) = ny = |V(D)| — 3 cycles of length three.

If D € T3, the only 3-cycles in D are siz3vsy, where v = 23 with 1 < j < 3,
slx%wsl, where w = x? with 8 < j < na, slx%x%sl and s/x?x%s’, where s’ is an
arbitrary vertex of S\ {s1}. Therefore, D has exactly (6 — 1)+ (|42| — 3) + 1+
(|S| = 1) = |Az| + |S| — 1 = |V(D)| — 3 cycles of length three.

If D € 75, the only 3-cycles in D are svxs, where v is an arbitrary vertex of
As, syzs, where z is an arbitrary vertex of Z, syxls and wyz'z, where 2’ is an
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Figure 1: Local tournaments on n vertices with exactly n—3 cycles of length three:
7' (upper left), 75! (upper right), 7' (lower left), 72 (lower right).

arbitrary vertex of Z’. So, D has exactly |As| +|Z|+1+|Z'| = |V(D)| — 3 cycles
of length three.

For the converse, assume that D is a local tournament with exactly |V (D)|—3
cycles of length three and that D is not round decomposable. Let S be a separating
set of D such that D — S fulfills the conclusions of Theorem 2.3. By Theorem 2.3
and Remark 2.5 there are indices o, 8, pu, v with Ay <a<fg<p—landp+1<
pu < v < p+qand vertices z1 € V(D,), z2 € V(Dg), s1 € V(D,) and s, € V(D,)
such that x; — s; — x5 or ;1 — x1 — S5. By symmetry (reversing the direction
of each arc of D), we may assume that + — s — y with x € V(D,), y € V(Dp)
and s € V(D,,). Note that § € {o,a + 1}.

If « # f and |V(D;)| > 3 for any component or if « = § and |V(D;)| > 3
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for an index i # «, the component D; contains at least one 3-cycle that was
not counted in Theorem 4.2 and thus, D contains at least |V (D)| — 2 cycles of
length three, a contradiction. Therefore we assume |V(D;)| = 1 for every index
1<i<p+gqifa#pand |[V(D;)| =1 for every index i # a if « = 3. Let
Si={veS:v—-s}, Sa={weS:s—w} Zy={ve V(D) :v—{z,y}}
Zy ={w e V(D) : {z,y} — w}and R = V(D},)\(Z,UZ,). Note that R = ) if and
only if @ # . Let V(D4) = {3, z3,...,23 } and V(D}) = {z1}. Throughout the
remaining part of the proof, we call a 3-cycle that was not counted in Theorem 4.2
an additional 3-cycle.

Fact 1. If S| # 0, then Sy — x, and if Sy # 0, then y — Ss.

Proof. Assume that s; € S;. Then s; is adjacent to x. If x — s1, then s; and
y are adjacent. Hence, either s;yris; or s;zdys; is an additional 3-cycle in D, a
contradiction. Therefore s; — x. We can analogously show that y — S,. U

Fact 2. If a = (3, then S; = Sy = () and there is no arc between s and R.

Proof. Note that R # (. Let r € R. If s and r are adjacent, then either srzis or

sx3rs is an additional 3-cycle in D, a contradiction. So there is no arc between s

and R.

If s; € 51, then s; — x by Fact 1. Hence s; is adjacent to r. Therefore either
slmﬁsl or slx:{"r’sl is an additional 3-cycle in D, again a contradiction. We can
analogously show that Sy = (). O

Fact 3. If a = (3, then y — R — x and R induces a transitive tournament in D.

Proof. Note that V(D,,) = {%,y} U R and thus, every vertex of R is adjacent to x
and y. If there is a vertex r € R that dominates y or is dominated by x, then r is
adjacent to s, a contradiction to Fact 2. If D[R] is not transitive, then it contains
an additional cycle of length three, again a contradiction. O

Fact 4. If Z1 # 0, then Z; — s and V(D}) = {z3}.

Proof. Note that Z; U {s} — y and thus, s is adjacent to every vertex of Z;. If
s — 21 € 41, then szyxs is an additional 3-cycle in D, a contradiction.

Let 21 € Z. If v # a3 is a vertex of Dy, then svz s is an additional 3-cycle
in D, again a contradiction. U

Fact 5. If a = (3, then Z, = ().

Proof. Note that R # (). Assume that 2; € Z;. By Fact 4 and the definition
of Z;, we have z; — {s} U R. It follows that s is adjacent to every vertex of R, a
contradiction to Fact 2. O

14



Fact 6. If Zy # 0, then either s — Zy or Zo — s. Furthermore, if Zy — s, then
there is no arc leading from Dy to Zsy, and if s — Zy, then Dj — Z.

Proof. Note that © — Z, U {s} and thus, s is adjacent to every vertex of Z5. If
there are vertices z,2’ € Z, such that z — {s,2'} and s — 2/, it follows that
23 — z. Hence sz3zs is an additional 3-cycle in D, a contradiction. If there are
vertices z, 2’ € Zy such that sz2's is a cycle, then D has at least |V (D)| — 2 cycles
of length three, again a contradiction. So either s — Z5 or Zy — s.

If Zy — s and there is a vertex v € V(Dj) such that v — z € Zy, then svzys
is an additional 3-cycle in D, a contradiction.

If s — Zy, then s — {u,z} for every pair of vertices u € V(D}),z € Zy. Tt

follows that D} — Zs. O
Fact 7. If a = 3 and Zy # 0, then Z; — s.

Proof. Note that R # (). By Fact 6, either s — Z, or Z, — s. But if s — 2z, € Z,
then RU{s} — 2, and thus, s is adjacent to every vertex of R, a contradiction to
Fact 2. O

Fact 8. If Sy, Zo # 0, then Zy — Sy U {s}.

Proof. Note that all vertices of Sy and Z, are adjacent, since y — Sy U Zy by
Fact 1. If sy — 2o, where s, € Sy and 25 € Z,, then sp2,71s5 is an additional
3-cycle in D, a contradiction. So Zy — 95.

If s — 2 € Zy, it follows that 23 — 2. But then s,z328,, where sy € Sy, is an
additional 3-cycle in D, again a contradiction. U

Fact 9. If Sy # 0, there is no arc between Sy and Zy U{x} and no arc between D}
and Zy. Furthermore, V.(D}) = {x3}.

Proof. Tf Sy 3 sy — z € ZU{xz}, then soza}ss and if Z,U{x} 3 2z — sy € Sy, then
$9x3 285 is an additional 3-cycle in D, a contradiction. So there is no arc between
Sy and Z; U {z}.

If 22 — 2 € Z,, then Zy # () and thus, Zy — S, by Fact 8. It follows that
3285 is an additional 3-¢ycle in D, again a contradiction.

Let so € Sy. If v # x¥ is a vertex in Dj, then syvys, is an additional 3-cycle
in D, the final contradiction. O

So

Fact 10. ]f Sl, Z2 7é @, then s — ZQ.

Proof. Note that either s — Z5 or Zy — s by Fact 6. If 25 — s, where 25 € Z5, let
s1 € Sp be an arbitrary vertex. Then s; and z, are adjacent, since {sq, 22} — s. If
S1 — 29, then slzgx%sl and if zo — s1, then s;2295; is an additional 3-cycle in D,
a contradiction. O
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Fact 11. If S, # 0, then Z, =0, S; — x, Sy = 0 and there is no arc between S;
and Zy U{y}.

Proof. Let s; € S1. If 21 € Zy, then z; — s by Fact 4. Therefore z; and s; are
adjacent, since s; — s. If s; — 2z, then s;z1zls;, and if z; — s, then s;23215 is
an additional 3-cycle in D, a contradiction. So Z; = ().

Note that = is adjacent to every vertex of Si, since S; U {z} — s. If 51 € )
such that z — sy, then s; and y are adjacent, since x — y. If s; — y, then s;yxis;,
and if y — s1, then s;23ys;, is an additional 3-cycle in D, again a contradiction.
So Sl — XT.

If so € S5, then sy and = are adjacent, since S; — {x,ss2}. If s5 — x, then
s9x88y and if & — sy, then syziwsy is an additional 3-cycle in D, again a contra-
diction. So Sy = 0.

If s; € S) and 2z € Z, U{y} are adjacent, then s;2x{s; (if sy — 2) or syvzs; (if
z — s1) is an additional 3-cycle in D, the final contradiction. 0

Using the above facts, we shall now show that D is isomorphic to a member of
T fori=1,2,3 or T2

Case 1: Suppose that « = 3. By Facts 2 and 5, we know that S; = Sy = Z; = ()
and there is no arc between s and R. Using Facts 3 and 7, we conclude that R
induces a transitive tournament in D, y — R — x and that Z, — s if Z, # (). By
Fact 6, it follows that D contains no are leading from D} to Zy if Z, # (). Hence,
D is isomorphic to a member of 72,

Case 2: Suppose that a # 5. We consider two cases depending on Sy.

Subcase 2.1: Suppose that S; # (. Then Z; = S, =), S; — x and there is no
arc between S; and Zs U{y} by Fact 11. Furthermore, if Z, # (), then s — Z5 by
Fact 10. Hence D§ — Dj and thus, D is isomorphic to a member of 7;'.

Subcase 2.2: Suppose that S; = (). Note that if Sy # ), then y — S, there
is no arc between S and Z; U {z} and no arc leading from D} to Z by Fact 9.
Furthermore, V(Dj}) = {z3}. In addition, if Zy # (), then Z, — Sy by Fact 8.
Hence, all arcs adjacent to at least one vertex of Sy are determined. Furthermore,
note that if Z; # (), then Z; — s and V(D}) = {23} by Fact 4. Therefore all arcs
adjacent to at least one vertex of Z; are determined. It remains to consider the
arcs between Z5 and s and between Z5 and Dj. So assume that Z; # (). But then
the arcs in question are determined by Facts 6 and 8.

Hence, if Sy # (), then D is isomorphic to a member of 7;!'. Furthermore, if
Sy = (), then the following holds. If s — Z5 # (), then D is isomorphic to a member
of 7', and if ) # Z; — s, then D is isomorphic to a member of 7;!. Moreover, if
Zy =0 and Z; # (), then D is isomorphic to a member of 73!, and if Z;, = Z, = 0),
then D is isomorphic to a member of 7.!.

Therefore, in all possible cases D is isomorphic to a member of 7;* for i = 2 or
1=3. O
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