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Abstract

A digraph without loops, multiple arcs and directed cycles of length two is called
an in-tournament if the set of in-neighbors of every vertex induces a tournament.
A local tournament is an in-tournament such that the set of out-neighbors of every
vertex induces a tournament as well.

Let p > 2 be an integer and let T" be a strongly connected tournament such
that every vertex has at least p positive neighbors and at least p negative neigh-
bors. In 2006, Kotani showed that T has at least k vertices x1, 22, ..., 2, where
k = min{|V(D)|,4p — 2}, such that T — z; (i = 1,2,...,k) is strongly connected.
One year later, Meierling and Volkmann proved that the same proposition is valid
for the class of local tournaments. In this paper we shall generalize the result to
the class of in-tournaments, thereby generalizing Kotani’s as well as Meierling’s and
Volkmann’s results.
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1 Terminology and introduction

All digraphs mentioned here are finite without loops and multiple arcs. For a digraph D,
we denote by V(D) and E(D) the vertex set and arc set of D, respectively. The number
|[V(D)| is the order of the digraph D. The subdigraph induced by a subset A of V(D)
is denoted by D[A]. By D — A we denote the digraph D[V (D) — A]. If A = {z} is a
single vertex, then we write D — « instead of D — {z}.

If xy € E(D), then y is a positive neighbor of x and x is a negative neighbor of y,
and we also say that x dominates y, denoted by z — y. If A and B are two disjoint
subdigraphs of a digraph D such that every vertex of A dominates every vertex of B
in D, then we say that A dominates B, denoted by A — B. The outset N (x) of a
vertex z is the set of positive neighbors of x. More generally, for arbitrary subdigraphs
A and B of D, the outset NT(A, B) is the set of vertices in B to which there is an
arc from a vertex in A. The insets N~ (x) and N~ (A, B) are defined analogously.
The numbers d*(z) = |[NT(x)| and d™(x) = [N~ (z)| are called outdegree and indegree
of x, respectively. The minimum outdegree §+(D) and the minimum indegree 6~ (D)
of D are given by min{d"(z) | z € V(D)} and min{d (z) | z € V(D)}, respectively.
Analogously, we define the mazimum outdegree AT (D) = max {d*(z) | x € V(D)} and
the mazimum indegree A~ (D) = max{d~(z) | = € V(D)} of D. In addition, let §(D) =



min {§7(D),5~ (D)} be the minimum degree and A(D) = max {A*(D),A™ (D)} be the
maximum degree of D.

Throughout this paper, directed cycles and paths are simply called cycles and paths.
A cycle of order k is a k-cycle. If C'is a cycle of a digraph D with order |V (D)|, then C
is called a Hamiltonian cycle. Let C = x1x9 ... 221 be a cycle of D with order k. Then
Clx;, xj], where 1 < 4,5 < k, denotes the subpath z;z;y1...2; of C' with initial vertex
x; and terminal vertez x;. The notations for paths are defined analogously.

A digraph D is wvertex pancyclic if every vertex of D belongs to cycles of lengths
3,4,...,|V(D)].

We speak of a connected digraph if the underlying graph is connected. A digraph D
is said to be strongly connected or just strong, if for every pair z, y of vertices of D, there
is a path from x to y. A strong component of D is a maximal induced strong subdigraph
of D. The strong component digraph SC(D) of a digraph D is obtained by contracting
the strong components of D into vertices and deleting any parallel arcs obtained in this
process. In other words, if Dy, Ds,...,D,, where p > 1, are the strong components
of D, the vertex set of SC(D) is V(SC(D)) = {v1,v2,...,v,} and the arc set of SC(D)
is E(SC(D)) = {vjv; | N*(D;, Dj) # 0}. Note that SC(D) is acyclic and thus has an
acyclic ordering, that is the strong components of D can be labeled D1, Do, ..., D, such
that there is no arc from D; to D; unless j < ¢. We call this ordering the acyclic ordering
of the strong components of D. The strong components corresponding to vertices with
in-degree (out-degree) zero in SC(D) are called initial (terminal) strong components
of D.

A vertex x is called a nonseparating vertexr of a strong digraph D if D — z is strong.
If D is a digraph such that each of its vertices is nonseparating, we call D a 2-connected
digraph.

A digraph is semicomplete if for any two different vertices x and y, there is at least
one arc between them. ‘A tournament is a semicomplete digraph without 2-cycles. A
digraph D is locally semicomplete if D[Nt (z)] as well as D[N~ ()] are semicomplete for
every vertex z of D.

We speak of an r-reqular tournament T if §(T') = A(T) = r. Similarly, an almost-
regular tournament is a tournament such that |A(T") — §(7)| < 1.

Throughout this paper all subscripts are taken modulo the corresponding number.

Local tournaments were introduced by Bang-Jensen [1] in 1990. In transferring the
general adjacency only to vertices that have a common positive or negative neighbor,
local tournaments form an interesting generalization of tournaments.

In 1993, Bang-Jensen, Huang and Prisner [2] introduced a further generalization of
local tournaments, the class of in-tournaments, in claiming adjacency only for vertices
that have a common positive neighbor.

From the well-known result of Moon [9] that a tournament 7" is strongly connected
if and only if it is vertex pancyclic, it follows immediately that a strongly connected
tournament 7" of order greater or equal four contains at least two nonseparating vertices.
This was formulated and proved by Korvin [4] in 1967.
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Figure 1: The locally semicomplete digraph with exactly one nonseparating vertex (left);
Local tournaments with exactly two nonseparating vertices.

Corollary 1.1 (Korvin [4] 1967). If T is a strong tournament with |V (T)| > 4, then T
contains at least two nonseparating vertices.

In 1975, Las Vergnas [6] determined all strongly connected tournaments with exactly
two nonseparating vertices.

Theorem 1.2 (Las Vergnas [6] 1975). A strong tournament T' on n vertices has at least
three nonseparating vertices, unless T' is isomorphic to @, where Q, is the tournament
of order n consisting of a path x1x3...x, and all arcs x;x; for i > j+ 1.

In 1990, Bang-Jensen [1] proved that every strongly connected locally semicomplete
digraph that is not a cycle has at least one nonseparating vertex.

Theorem 1.3 (Bang-Jensen [1] 1990). Let D be a strong locally semicomplete digraph
that is not a cycle. Then D has a nonseparating vertex.

Four years later, Guo and Volkmann showed that every strongly connected locally
semicomplete digraph on n > 4 vertices has at least two nonseparating vertices if it has
at least n+ 2 arcs and determined the digraph depicted in Figure 1 to be the only locally
semicomplete digraph with exactly one nonseparating vertex.

Theorem 1.4 (Guo & Volkmann [3] 1994). Let D be a strong locally semicomplete
digraph.

(a) If D has at least |V(D)| +2 arcs, then D has at least two nonseparating vertices;

(b) The digraph D has exactly one nonseparating vertez if and only if D is isomorphic
to the digraph depicted in Figure 1;

(c) Every vertex of D is a separating vertex if and only if D is a cycle.

In 2008, Meierling and Volkmann [7] characterized the strongly connected local tour-
naments on n > 4 vertices and at least n 4+ 2 arcs with exactly two nonseparating
vertices to be either isomorphic to @,,, to one of the digraphs depicted in Figure 1 or to
the digraph depicted in Figure 2 (if n = 5).
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Figure 2: A local tournament with exactly two nonseparating vertices.

Theorem 1.5. Let D be a strong local tournament on n vertices with at least n+2 arcs.
Then D has exactly two nonseparating vertices if and only if D _is isomorphic to Q. as
defined in Theorem 1.2, to one of the digraphs depicted in Figure 1 or to the digraph
depicted in Figure 2 (if n =15).

Concerning in-tournaments little is known about the number of nonseparating ver-
tices. In their initial article [2], Bang-Jensen, Huang and Prisner proved the existence of
a nonseparating vertex if the in-tournament in question is strongly connected and not a
cycle. It is the analog of Theorem 1.3 for in-tournaments.

Theorem 1.6 (Bang-Jensen, Huang and Prisner [2] 1993). Let D be a strong in-
tournament that is not a cycle. Then D has a nonseparating vertez.

Six years later, Tewes [10] gave a sufficient criterion for strongly connected in-
tournaments to have at least two nonseparating vertices.

Theorem 1.7 (Tewes [10] 1999). Let D be a strong in-tournament of order n > 4 with
max{dt(D),6~ (D)} > 2. Then D contains distinct vertices x1, o such that D — wz; is
strong fori=1,2.

In 2006, Kotani [5] investigated how many nonseparating vertices a tournament with
minimum degree greater or equal two has at the least, and proved several variants of
Corollary 1.1.

Theorem 1.8 (Kotani [5] 2006). Let T be a strong tournament and let p > 2 be an
integer. If 6(T') > p, then T has at least k = min{|V (T")|,4p — 2} vertices x1,x2,..., Tk
such that T — x; is strong fori=1,2,... k.

Theorem 1.9 (Kotani [5] 2006). Let T' be a strong tournament and let p > 2 be an
integer. If 6(T) > p and |V (T')| > 4p, then T has at least k = 4p—1 vertices x1,x2, ..., Tk
such that T — x; 1s strong fori=1,2,... k.

Theorem 1.10 (Kotani [5] 2006). Let T be a strong tournament and let p > 3 be an
integer. If6(T) > p and |V (T)| > 4p+1, then T has at least k = 4p vertices x1,x2, ..., Tk
such that T — x; is strong fori=1,2,... k.



Inspired by this article, Meierling and Volkmann [8] considered the same question
for the class of local tournaments and proved generalizations of Kotani’s results. They
showed that the conclusion of Theorem 1.8 is valid for local tournaments and character-
ized the classes of local tournaments that do not fulfill the conclusions of Theorems 1.9
and 1.10 (cf. Definition 2.1, Figure 3 and Corollaries 6.7-6.9).

In this paper we will show that the conclusion of Theorem 1.8 is also true for the
class of in-tournaments and characterize the class of in-tournaments that do not fulfill the
conclusions Theorems 1.9 and 1.10, thereby generalizing Kotani’s as well as Meierling’s
and Volkmann’s results.

2 The exceptional cases

In this section we introduce the classes of local tournaments and in-tournaments that
satisfy the preconditions of Theorem 1.9 and Theorem 1.10, but not the respective
conclusions (cf. Figure 3).

Definition 2.1. Let p > 2 be an integer and let Ty and Ty be two (p — 1)-reqular
tournaments. Furthermore, let u,v be two vertices such that u,v ¢ V(T;) for i =1,2.
We define 1. as the set of all local tournaments D with vertex set

V(D) = V(Tl) U V(Tg) U {u,v}
and arc set

E(D)=E(T)UE(Ty)U{uw | we V(T1)} U{wv | we V(T1)}U
{vw | w e V(Ty)} U{wu | we V(Ty)} UA,
where A € {{uv}, {vu}, 0}.
Let p > 3 be an integer. Let T be defined as above and let Ty be a tournament on 2p
vertices such that p —1 < §(Tp), A(Ty) < p. Moreover, let u,v be two vertices such that
u,v ¢ V(T;) fori=0,1. We define T,}> as the set of all local tournaments D with vertex

set
V(D) = V(To) UV (T1) U{u,v}

and arc set
E(D) =E(To) UB(Th)U{uw | w e V(T1)} U{wv | w e V(T1)}U
{vw | we V(Th)} U{wu | we V(Ty)} UA,
where A € {{uv}, {vu},0}.

Definition 2.2. Let p > 3 be an integer, let Ty be a (p — 1)-reqular tournament and let
T be a tournament on 2p vertices such that p — 1 < §(Tz), A(Ty) < p. Furthermore, let
u,v be two vertices such that u,v ¢ V(T;) fori=1,2.

We define T;) as the set of all in-tournaments D with vertex set

V(D) = V(Th) UV(T3) U {u, v}



Figure 3: The classes 7%, / T,;2% (left), T.* (center) and 7.7* (right).
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and arc set

E(D)=E(T1)UE(Ty) U{uw | w e V(T1)} U{ow | we V(Ts)}U
{fwv | we V(T)}U{wu | we V(Ty) and d* (w,Ty) =p — 1}U
AU By,

where
A € {{uv}, {vu}, 0} and
By C {wu | w € V(Ty) and d* (w,Ty) = p}.
In addition, we define T,)* ‘as the set of all in-tournaments D with vertex set
V(D) =V (T1) UV (Ty) U {u,v}
and arc set
E(D)=E(T;)UE(T,) U{uw | we V(T1)} U{vw | w € V(T3)}U

{fwo | we V(T)}U{wu | we V(Ty) and d* (w,Ty) = p — 1}U
AU B U Bs,

where

A € {{uv}, {vut},
By C {wu | w € V(Ty) and d* (w,Ty) = p} and
) # By C {uw | w € V(T3) and d* (w,Ty) = p}.

It is easy to check that the classes defined in the examples above do not fulfill
Theorems 1.9 and 1.10, respectively.

Remark 2.3. Let D € 7) UT** UT> UT>* be a digraph. Then u and v are the only

loc loc

separating vertices of D. In addition the following holds.



(a) If D € T}, then |[V(D)| = 4p and §(D) = p. Hence D does not fulfill the conclusion
of Theorem 1.9.
(b) If D € T, 0T UTr*, then |V(D)| = 4p+1 and 6(D) = p. Hence D does not fulfill

loc n
the conclusion of Theorem 1.10.

3 Preliminary results

The next results will be frequently used in our proof. The first one is a useful observation
about the interaction of a cycle and an external vertex.

Theorem 3.1 (Bang-Jensen, Huang & Prisner [2] 1993). Let D be an in-tournament
and let C' = wyugy...usuy be a cycle in D. If [Nt (z,C)| > 1 for a vertexr x ¢ V(C),
then either x — C' or u; — x — u;q1 for an integer 1 < ¢ <'s.

In 1993, Bang-Jensen, Huang and Prisner [2] generalized the well known result that
a tournament is strong if and only if it is Hamiltonian to in-tournaments.

Theorem 3.2 (Bang-Jensen, Huang & Prisner [2] 1993). An in-tournament is strong if
and only if it has a Hamiltonian cycle.

Under certain assumptions the number of nonseparating vertices of a digraph D can
be bounded from below as follows.

Lemma 3.3. Let D be a strong digraph of order n and let q be an integer such that
1 <q<n-—1. Suppose that for every subset X C V(D) with 1 < |X| < q there exists
a cycle C of order n — 1 in D such that X C V(C). Then D contains at least q + 1
vertices x1,T2,...,%Tq+1 such that D —x; is strong for i =1,2,...,q+ 1.

Proof. Let X = {x € V(D) | D — x is strong} be the set of nonseparating vertices of D.
If | X| > ¢+ 1, there is nothing to show. So suppose to the contrary that |X| < ¢. By
the assumption of this lemma, there exists an (n— 1)-cycle C' in D such that X C V(C).
Let {v} = V(D) —V(C). On the one hand this implies that v ¢ X, but on the other
hand C is a Hamiltonian cycle of D — v and thus, D — v is strong. It follows that v € X,
a contradiction. O

In the next result we summarize some simple, but useful, lower bounds for the order
of digraphs in terms of minimum degree.

Lemma 3.4. Let D be a digraph of order n without cycles of length two and let r > 1
be an integer.

(a) If d(x) + d"(y) > r for every arc zy of D, thenn >r+1;
(b) If 6T (D) >r or 6 (D) >r, thenn > 2r +1;

(c) If 6T (D) > r and AT(D) > r+1 or if § (D) > r and A~ (D) > r + 1, then
n > 2r + 2.



The last lemma will be needed in the characterization of the exceptional classes.

Lemma 3.5. Let p > 3 and let D be an in-tournament on 2p + 1 vertices with vertex
set WU {u}, where W = {wy,ws,...,wa}, such that

p—1<8(DIWI]), A(D[W)) < p.

If d* (w, DIW]) = p — 1 implies that w — u for every vertex w € W, then D[W] is a
2-connected tournament.

Proof. Firstly we will show that D[W] is a tournament. Suppose, without loss of gener-
ality, that w; and we are not adjacent. It follows that d* (wy, D[W]) = d* (wy, D[W]) =
p—1 and thus, {w;,ws} — wu by our assumption. Using the in-tournament property of D,
we conclude that w; and wy are adjacent, a contradiction. So D[W] is a tournament.

Secondly we will show that D[W] is 2-connected. Suppose, without loss of generality,
that w is a separating vertex of D[W] and let Dy, Do, ..., Dy be the strong decompo-
sition of D[W] — wy, where ¢ > 2. Then there exists a vertex w € V(D;) and a vertex
w' € V(Dy) such that

d*(w, DIW]) > VD)l =1 + V(D) + ...+ [V(Dy)|
and
dt(w', DIW]) < % + 1.

Since p—1 < §(D[W]), A(D[W]) < p, it follows that ¢ < 3and |V (D;)| =1for 1 <i <gq,
a contradiction to the assumption that p > 3. So D[W] — w is strong for every vertex
w € W which means that D[W] is 2-connected. O

4 Structure of in-tournaments with high minimum degree

In this section we investigate the structure of in-tournaments that fulfill the assumptions
of Theorems 1.9 and 1.10. Throughout this section, let p > 2 be an integer and let D be
a strongly connected in-tournament such that (D) > p. Let X be a subset of V(D) such
that ) # X # V(D). Obviously D contains a strongly connected induced subdigraph D’
such that V(D) — V(D') — X # ) (any vertex z € X satisfies this condition). Assume
now that we have chosen a strongly connected subdigraph D’ of D under the following
conditions:

A. V(D)-V(D')—-X #0,
B. under condition A: |V(D’) N X| is maximal and

C. under condition B: |V(D’)| is maximal.



Note that, since D’ is a strongly connected in-tournament, the digraph D’ has a Hamil-
tonian cycle C' = vjvg ... v,v; according to Theorem 3.2 (if £ = 1, then, for the sake of
simplicity, the single vertex vy will in the following be called a Hamiltonian cycle). Let

Y =V(D)-V(C)-X
and define
XtT={veX-V(C)| N (v,C)#0and N*(v,C) =0},
X ={veX-V()|v—C},
X=X-V({C)-Xt-X",
YT ={veY-V(C)| N (v,C)#0 and N*(v,C) =0},
Y " ={veY-V(C)|v— C} and
Y=Y -Y -y~

Note that, according to these definitions,
NT(XT,0)=N"(X",C)=N"(Y",C)=N"(Y,C) =0 (1)
Using this notation, we prove the following claims.
Claim 1. X = {z € X —V(C) | N*(2,8) = N~ (z,C) = 0}.

Proof. Suppose that there exists a vertex « € X such that N T(x,C) # 0. Then,
according to Theorem 3.1, either & — C or there exists a cycle C’' in D such that
V(C') = V(C) U {z}. But the first possibility is a contradiction to the definition of X
and the latter possibility contradicts condition B of the choice of C. So NT(X,C) = 0.

Suppose that there exists a vertex € X such that N~ (z,C) # (. Note that
N*(z,C) = 0 by the observations above. It follows that x € X', a contradiction. So
N~ (X,C) =0. O

Analogously to Claim 1, we can prove the following claim.
Claim 2. If [Y| > 2, then Nt(Y,C)=N—(Y,C) = 0.
Claim 3. NT(X,X") = Nt(X,Y+) = 0.

Proof. Suppose that there exists an arc zv Asuch that z € X and v € XT UY™*. Then
v has negative neighbors both in C and X. Since D is an in-tournament, this is a
contradiction to Claim 1. It follows that N*(X, X)) = NT(X,Y ) = (. O

Using Claim 2, we can prove the following claim analogously to Claim 3.
Claim 4. If |[Y]| > 2, then NT(Y,XT) = N*(Y,Y+) = 0.

Claim 5. N*(X*,X~) = 0.



Proof. Suppose that there exists an arc x1zo such that z; € X and o € X~. Since
1 € X7, we may assume, without loss of generality, that v, — x1. But then the cycle

Clor, v]z1z901
yields a contradiction to condition B of the choice of C. So NT(X+, X~) = (). O

Claim 6. Let u,w € V(D)—V(C) be two vertices of D such that w — C and N~ (u,C) #
0. If P is a path with initial vertex u and terminal vertex w, then Y C V(P).

Proof. We may assume, without loss of generality, that vy, — u. Suppose that Y Z V(P).
Then the cycle
UkPC[’Ul, Uk;]

yields a contradiction to condition C of the choice of C. SoY C V/(P). O
Claim 7. |[Y [ |[Y | < 1.

Proof. Suppose that |[Y | > 2. Let P = zp21...2 be a shortest path in D such that
20 € YT and Nt (z,.,C) # 0. Then V(P)NY ' = {2} and 2, € X" UY ", but V(P) Z Y,

a contradiction to Claim 6. O
Claim 8. If|[YT|=|Y | =1, then NT(XT, Y )=NT(YT,X7)=10.

Proof. Suppose that there exists an arc uw such that u € XT andw € Y- oru € Y™
and w € X~. We may assume, without loss of generality, that vy — w. Then

Clv1, v |uwvy
contradicts condition B of the choice of C. So NT(XT ¥~ )= N (YT, X")=0. O

Claim 9. Let D be a strong in-tournament and let C, X+,X_,X,X, Y+,Y_,§A/,Y be
defined as above. Let X =V (C) # 0. If|Y| > 2, then XTUY T #0 and X~ UY ™~ # 0.

Proof. Assume to the contrary that X~ UY ™~ = (). Note that, according to Claim 7,
|Y+|,|Y~| <1 and, according to Claim 1, N*(X,C) = (). Since [Y| > 2and Y~ = 0, we
conclude that Y # ). Since D is strong, it follows that N+(f/, C) # 0, a contradiction
to Claim 2. So X~ UY ™ # (. We can analogously show that X+t UY ™ # (. O

Claim 10. If X C V(C), then V(D) = V(C) =Y and |Y|=1.

Proof. We consider five cases depending on Y.

Case 1. Suppose that |Y7| = |[Y~| =1 and Y # 0. Since D is strong, there exists an
Y+-Y ~-path in D. Let P = yoy; ... ys be a shortest such path. It follows that V(P) =Y
by Claim 6. But then, since yg € Y™ and because of the choice of P, it follows that
N*(yo) = {y1} which contradicts 6T (D) > 2.

Case 2. Suppose that Y| =Y |=1and Y =0. Let Y* = {y;} and Y~ = {1}
Then d* (y1),d ™ (y2) < 1, a contradiction.
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Case 3. Suppose that [Y 7| =1, Y~ =0andY #0or |[Y |=1,YT =0 and YV # 0.
By Claim 4 N*t(Y,C) = N—(Y,C) = 0 and thus, D is not strong, a contradiction.

Case 4. Suppose that [YT|=1land Y- =Y =0or [Y |=1land Yt =Y = 0. It
follows that D is not strong, again a contradiction.

Case 5. Suppose that YT =Y~ = () and Y # (). Since D is strong, we conclude that
N*H(Y,C) # 0 and N=(Y,C) # §. By Claim 4 it follows that [Y| = 1 which completes
the proof of this lemma. O

5 Applications of the structural results

In this section we characterize 7). and 7;’* as the classes of local tournaments that are
exceptions for the conclusions of Theorem 1.9 and Theorem 1.10, respectively. Further-
more we characterize 7, and 7,7* as the classes of in-tournaments that are exceptions
for the conclusion of Theorem 1.10.

For the rest of this section let D be a strongly connected in-tournament and let
C,XT, X, X, X, Yt Y~,Y,Y be defined as in Section 4. Furthermore, let o(D)y=p>
2. Using the preparatory structural results of Section 4, we show the following results.

Lemma 5.1. Let X —V(C) #0. If | X| = |V(D)| — 1, then | X| > 4p — 2.

Proof. Note that V(C') C X by condition A of the choice of C. Let V(D)—X =Y = {y}.
Case 1: Suppose that X T # () and X~ # (). We define the sets

A= {v € V(D) | there exists a path leading from X* to v in D —y} and
B = {v € V(D) | there exists a path leading from v to X~ in D —y}.

Note that A € XU X and B C X~ U X. Furthermore, AN B = () by Claim 6. In
addition, N*(A)— A C {y} and N=(B)— B C {y}. Using Lemma 3.4(b), it follows that
|Al,|B| > 2p — 1 and thus,

X > 4] +[B| = 4p —2.

Case 2: Suppose that X = (). In order to show that |V (C)| > 2p — 1 we consider
the three subcases Y = Y, Y=Y TandY =Y.

Subcase 2.1: Suppose that Y =Y. By (1) and Claim 1, it follows that N*(C) —
V(C) C {y}. Using Lemma 3.4(b), we conclude that |V (C)| > 2p — 1.

Subcase 2.2: Suppose that Y = Y. By Claim 1, it follows that N+(C,X) = () and
thus, N*(C) — V(C) C {y}. Using Lemma 3.4(b), we conclude that |V (C)| > 2p — 1.

Subcase 2.3: Suppose that Y =Y. We derive N*(C) C V(C), a contradiction to
the assumption that D is strong.

Note that N7(X~,C) = 0 by definition and N=(X,C) = () by Claim 1. Hence
N~ (X~ UX)— (X~ UX) C {y}. Using Lemma 3.4(b), it follows that [X~UX| > 2p—1
and thus,

X[ > [V(O)| +|XTUX|>4p—2.

The case X~ = () can be solved analogously to Case 2 which completes the proof of
this lemma. O
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Lemma 5.2. Let | X| < |V(D)|—2 and X —V(C) # 0.
(a) I16(D) > p > 2, then

(i) | X|>4p—1 or
(ii) | X|=4p—2 and D € T}

loc*
(b) If6(D) > p > 3, then

(1) [X| > 4p or
(it) | X|=4p—1 and D € T} UT U or
(iii) | X| =4p —2 and D € T}

loc*

The proof of the above lemma is rather lengthy and is therefore divided in several
cases (see below).

Proof of Lemma 5.2. Recall that |Y| > 1. If |Y| = 1, we conclude |V (C) —X| > 1, since
|X| <|V(D)|-2. If [Y] > 2, we derive by Claim 9 that Xt UY ™ £ 0 and X~ UY ™ # 0.
We will now consider several cases as follows.

1 XTUYT#0and X~ UY ™ #0

1.1: Y =0 (Note: this implies Y+ U Y = % 0, since Y % 0)
1.1.1: XT#0and YT #0
11.2: X~ #0and Y~ #0
1.1.3: Y* # 0 and Y7 # (0 (Note: this implies X ™ =X~ = by 1.1.1 and 1.1.2
and hence, X # ()
1.1.4: YT # 0 and Y~ = 0 (Note: this implies X = 0 by 1.1.1 and X~ # 0,
since X~ UY ™ #0)
1.1.5: YT =@ and Y~ # () (Note: this implies X* # ), since XT UY ™' # 0,
and X~ = ( by 1.1.2)
1.2: Y] =1
1.3: V] >2
2: XTUY " #0and X-UY ™ =10
3 XtUuYT =0and X-UY ™ #0
Case 1.1.1: Let Y = {y}. We define the sets

A = {v e V(D) | there exists a path leading from X to v in D —y} and
B = {v e V(D) | there exists a path leading from v to X~ UY ™ in D —y}.

Note that A C XtuXand B—Y~ c X~ uXx. Furthermore, AN B = () by Claim 6. Let
Ay, Ay, ..., A, be an acyclic ordering of the strong components of D[A], where ¢ > 1,
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and let By, Ba, ..., B, be an acyclic ordering of the strong components of D[B], where
r > 1. Then N*(A,) — V(4,) C {y} and thus, |V(4,)| > 2p — 1 by Lemma 3.4(b).
Analogously, N~ (B1) —V(B1) C {y} and thus, |V(B1)| > 2p — 1 by Lemma 3.4(b). Let
Cy be a Hamiltonian cycle of A;. Then V(D) —V(Cy) — X # 0 and thus, |[V(C)NX| >
|V (Cy) N X| > 3 by choice of C. It follows that

(X = V()N X[+ [V(Ag)| + [V(B1) = Y| = 4p.

Case 1.1.2: This case can be solved analogously to Case 1.1.1.

Case 1.1.3: Let YT = {y1} and Y~ = {y2}. Let Dy, Ds,..., D, be an acyclic ordering
of the strong components of D[X], where ¢ > 1. Then N+ (D,)—V(D,) C {y2} and thus,
|V (Dg)| > 2p —1 by Lemma 3.4(b) and |V (D,)| > 2p if Dy # y2 by Lemma 3.4(c). Let
Cy be a Hamiltonian cycle of Dy. Then V(D) —V(Cy) — X # 0 and thus, [V(C)NX| >
|V (Cy) N X| by choice of C. If |V(Dy)| > 2p or if ¢ > 3 orif ¢ = 2 and |V (Dq)| > 3,
it follows that | X| > 4p. So it remains to check the cases ¢ = 2, |V(D2)| =2p — 1 and
|[V(D1)| =1 (Subcase 1.1.3.1) and ¢ = 1 and |V (Dy)| = 2p — 1 (Subcase 1.1.3.2). Note
that D, — yo, since |V(Dy)| = 2p — 1.

Subcase 1.1.3.1: Suppose that ¢ = 2, |V(D3)| = 2p — 1 and |V(Dy)| = 1. Let
V(Dy) = {z}. Note that N*(X,C) = N*(X,Y ") = 0 by Claims 1 and 3. It follows
that Nt (z, Dy) # 0 and hence 2 — Ds. Since N~ (X, C) = 0 by Claim 1 and §(D) > 2,
it follows that {y1,y2} — x. Let

O = 2Coya.
Then V(D) — V(C') — X # () and thus, |V(C) N X| > [V(C") N X| > 2p by choice of C'.
Hence
|X| =|V(C)nX|+|V(C)n X|> 4p.

)

Subcase 1.1.3.2: Suppose that ¢ = 1 and |V (Dy)| = 2p—1. Note that N~ (X,C) =0
by Claim 1. The latter together with Lemma 3.4(c) implies that y; — Dj.

Subcase 1.1.8.2.1: Suppose that [N~ (y1,C)| > 2. We may assume, without loss
of generality, that {vj, v} — y1, where 1 < i < k—1. If V(Clvy,v;]) — X # 0 and
V(Clvig1svk]) — X # 0, we may assume, without loss of generality, that |V (Clvy,v;]) N
X| > 2. Let

C"' = y1C1y2Cv1, v)y1.

Then V(D) —V(C') =X # 0 and thus, |V(C)NX| > |[V(C")N X]| by choice of C. Hence
X = [V(C)AX]+|V(Dy)] = [V(C) N X| + [V(D1)| = 2/V(Dy)] + 2 = 4p.

So assume that V(Clvy,v;]) € X.
If V(C) € X, we consider

C* = y1C1y2Cwr, vily.

Then V(D) — V(C*) — X # 0 and thus, |V(C) N X| > [V(C*) N X| > [V(D1)| +
|V (C[v1,v])| by choice of C. Hence

[ X[ = [V(C)n X[+ [V(D1)] = 2[V(D1)| + [V(Clor, vi] )| = 4p — 2+ [V(Clor, vi])|.

13



So it remains to consider the case that p > 3 and i = 1. If v € X, let

C = y1Cry2vkv1Y1.

Then V(D) —V(C)— X # 0 and thus, |V(C)NX]| > |[V(C)NX| > [V(D1)|+2=2p+1
by choice of C'. Hence

(X = [V(C)n X[+ [V (D1)] = 4p.

So assume that v, ¢ X. Since 6(D) > 3, there exists an arc v;y; in D, where j # k.
Then either |V(C[v1,v;])NX]| > 2 and V(Clvj41,v,]) =X # 0 or |V (Cloji1, vg))NX| > 2
and V(Clvi,v;]) — X # 0. We may assume, without loss of generality, that the former
holds. Let

C = 11C1y2C w1, vi]y1.

Then V(D) —V(C)— X # 0 and thus, [V(C)NX| > [V(C)NX| > [V(D;)|+2=2p+1
by choice of C'. Hence

[ X] = [V(C)n X[+ [V(D1)] > 4p.

If V(C) C X, note that D; induces a (p — 1)-regular tournament in D. Furthermore,
note that N*(C)—V(C) C {y1}. So |[V(C)| = 2p—1 by Lemma 3.4(b) and |V (C)| > 2p
if C 4 y1 by Lemma 3.4(c). If |[V(C)| = 2p — 1, it follows that C'— ;. Since 6(D) > p,
the cycle C induces a (p—1)-regular tournament in D and thus, D is a member of 7% . If
|V (C)| = 2p, the cycle C induces a tournament 7" in D such that p—1 < §(T"), A(T') < p.
So if C' — yi, the digraph D is a local tournament and a member of 7,>*. If C' / ¥,
the digraph D is not a local tournament and with the help of Lemma 3.5 we conclude
that D is a member of 7).

Subcase 1.1.3.2.2: Suppose that [N~ (y1,C)| = 1. We conclude that y» — y; and
p=2 I|V(C)NnX| > 2p =4, it follows that |X| > 4p — 1 = 7. So assume that
[V(C)NnX|=|V(D1)] =2p —1 = 3. Let, without loss of generality, v;, be the negative
neighbor of y; on C'. If there exists a vertex v; € V(C')NX such that V(Clvy,vi—1])—X #
(), we consider the cycle

O’ =y101y2Clvi, vg]y.-
Then V(D) — V(C') — X # 0 and thus, [V(C)NX| > |[V(C'YNX| > |V(Dy)|+1=4
by choice of C, a contradiction. So V(C) N X = {v1,vs,v3} and v; ¢ X for every index
4 <i < k. Note that k¥ > 4. If D has an arc v;v;, where 1 <i <3 and 5 < j < k, we
consider the cycle
C* = y1C1y2v:Clvj, vglys.

Then V(D) — V(C*) — X # 0 and thus, [V(C)NX| > |[V(C*)NX|>|V(D1)|+1=14
by choice of C, a contradiction. So Nt ({vy,ve,v3}) — {v1,v2,v3} C {v4} and thus,
{v1,v2} — v4 and v3 — v1. The latter implies that vy — v3 and hence k£ > 4. Since
{v1,v2,v3} — vy, it follows that there is an arc vqvj, where 5 < j < k. Let

A

C = y1C1y2C v, v4]Clvj, v i
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Then V(D) — V(C) — X # 0 and thus, |[V(C)NX| > |V(C)NX| > |V(Dy)|+3 =6 by
choice of C, the final contradiction.

Case 1.1.4: Let Y+ = {y}. Note that N~ (X~ UX) — (X~ UX) C {y}. Let
Dy, Ds,...,D, be an acyclic ordering of the strong components of D[X~ U X], where
g > 1. Then N~ (Dy) — V(D;) C {y} and thus, |V(D;)| > 2p — 1 by Lemma 3.4(b)
and |V(Dy)| > 2p if y / D; by Lemma 3.4(c). Let C; be a Hamiltonian cycle of Dj.
Then V(D) — V(Cy) — X # 0 and thus, |[V(C) N X| > |[V(Cy) N X| by choice of C. If
[V(D1)| >2porifq>3orifqg=2and |V(Dy)| > 3, it follows that | X| > 4p. So it re-
mains to check the cases ¢ = 2, |V(D1)| =2p—1and |V(D3z)| = 1 (Subcase 1.1.4.1) and
g =1land |V(D;)| =2p—1 (Subcase 1.1.4.2). Note that y — D, since |V (D;)| = 2p—1.

Subcase 1.1.4.1: Suppose that ¢ = 2, |[V(D;)| = 2p — 1 and |V(D3)| = 1. Let
V(D2) = {x2}. Since d*(z2) > 2, it follows that D has an arc leading from z2 to C. So
x9 € X~ and hence, zo — C. Since d™ (z2) > 2, it follows that D has an arc leading
from Dy to xg, say xixze. If 90 — vy, let

C' = yC1lx], 212y

Then V(D) — V(C'") — X # () and thus, |V(C) N X| > |V(C") N X| = 2p by choice of C.
Hence

| X| > |V(C)N X|+|V(Dy)|+ 1> 4p.

If xo9 4 y, the vertex y has at least two negative neighbors on C. We may assume,
without loss of generality, that {v;, v} — y, where 1 <i < k—1. Since |[V(C)NX| > 3
and V(C)—X # (), we may assume, without loss of generality, that |V (C[vit1,vi])NX| >
1 and V(Clvy,v;]) — X # 0. Let

C* = yCy[a], 21]22C Vi1, i)y

Then V(D) — V(C*) = X # 0 and thus, |V(C)N X| > |V(C*) N X| > 2p + 1 by choice
of C'. Hence
| X| > |V(C)n X|+|V(D1)|+1>4p+1.

Subcase 1.1.4.2: Suppose that ¢ =1 and |V (D;)| = 2p — 1. The latter together with
Lemma 3.4(c) implies that every vertex of D; has at least one positive neighbor on C.
So Dy — C. Recall that y has at least p > 2 negative neighbors on C.

Subcase 1.1.4.2.1: Suppose that p = 2. Let, without loss of generality, {v;,vx} — v,
where 1 <7 < k—1. Since V(C)—X # @ and |V(C)NX| > 2p—1 = 3, we may assume,
without loss of generality, that |V (C[viy1,vr]) N X| > 1 and V(Cluy,vi]) — X # 0. Let

Cl = yClC[viH,vk]y.
Then V(D) — V(C'") — X # () and thus, |V(C)N X| > |[V(C") N X| > 2p = 4 by choice

of C. Hence
I X|=|V(D)|+|VIC)NX|>4p—1=T.
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Subcase 1.1.4.2.2: Suppose that p > 3. We may assume, without loss of generality,
that {v;,vj,v5} — vy, where 1 < i < j <k —1. Since |V(C)N X| > 3 and V(C) —
X # 0, we may assume, without loss of generality, that |V (C[vit1,vk]) N X| > 2 and
V(C[Ul,?}i]) — X #0. Let

C* = yC1Clvit1, vk]y.

Then V(D) — V(C*) — X # (0 and thus, |V(C)N X| > |V(C*) N X| > 2p + 1 by choice
of C'. Hence
[X| = V(D) +[V(C)n X]| = 4p.

Case 1.1.5: Let Y~ = {y}. Note that N*(XT U X) — (Xt UX) C {y}. Let
Dy, Dy, ..., Dy be an acyclic ordering of the strong components of D[X* U X], where
q > 1. Then N*(D,) — V(D,y) C {y} and thus, |V(D,)| > 2p — 1 by Lemma 3.4(b)
and |V (Dy)| > 2p if Dy 4 y by Lemma 3.4(c). Let C; be a Hamiltonian cycle of D,.
Then V(D) — V(Cy) — X # 0 and thus, |V(C) N X| > |V(Cy) N X| by choice of C. If
|[V(Dg)| > 2porif g >3orif g=2and |V(D,)| > 3, it follows that |X| > 4p. So it re-
mains to check the cases ¢ = 2, |V (D3)| = 2p—1 and |V (D;)| = 1 (Subcase 1.1.5.1) and
qg=1and |[V(D1)| = 2p—1 (Subcase 1.1.5.2). Note that Dy — ¥, since |V (Dy)| = 2p—1.

Subcase 1.1.5.1: Suppose that ¢ = 2, |V(D3)| = 2p — 1 and |V(Dy)| = 1. Let
V(D) = {z}. Since d*(x) > 2, it follows that D has an arc leading from x to Ds.
Hence x — Ds.

Ify— x, let

O = yxCoy.

Then V(D) — V(C') — X # 0 and thus, |V(C) N X| > [V(C") N X| = 2p. Hence
X = |[V(C)n X| + [V(D2)| + 1> 4p.

If y / x, the vertex x has at least two negative neighbors on C. Let, without
loss of generality, {v;,vx} — @, where 1 < i < k — 1. Since |V(C) N X| > 3 and
V(C) — X # 0, we may assume, without loss of generality, that |V (Clviy1,v]) N X| > 1
and V(Cluy,v;]) — X # 0. Let

C* = yClvit1, vg)zCoy.

Then V(D) = V(C*) — X # () and thus, [V(C)NX| > |[V(C*)N X| > 2p+ 1 by choice
of C'. Hence
[ XT= [V(C)N X[+ V(D) +1 = 4p+ 1.

Subcase 1.1.5.2: Suppose that ¢ = 1 and |V (D;)| = 2p — 1. The latter together with
Lemma 3.4(c) yields that every vertex of D; has at least one negative neighbor on C.
Note that N~ (Dy,C) — D;. Let, without loss of generality, vy — Dj.

Assume that there exists a vertex v; € V(C') — X such that |V (C[viy1,vg]) N X| > 2.
Let

C/ = yC['Ui+1, Uk]cly.
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Then V(D) — V(C') — X # () and thus, [V(C)NX| > |[V(C")NX| = 2p+ 1 by choice of
C'. Hence
[ X] = [V(C)n X[ +[V(D2)] = 4p.

So assume the contrary. That means that C has the following structure. Let ¢ =
min{j | v; ¢ X} be the minimal index such that v; is not in X. Then there is at most
one vertex on C[vi41,vi] that belongs to X, that is |V(Clviy1, ve]) N X| < 1.

Subcase 1.1.5.2.1: Suppose that ¢ = k. Then V(C) — X = {vi}.

If there exists an index j such that 2 < j <k —1 and v; — Dy, let

C' = yClvy, v;]Chy.

Then V(D) -V (C')— X # () and thus, [V(C)NX| > |V(C')NX| > |V(D1)|+2=2p+1
by choice of C'. Hence

[ X] = [V(C)n X[+ [V(D1)| = 4p.

If v — Dl, let
C* = yvlCly.
Then V(D) — V(C*) — X # () and thus, |[V(C)N X| > |[V(C*)nX| > |V(D1)|+1=2p
by choice of C'. Hence

IX| = |V(C)nX|+ V(D)) >4p—1

and it remains to consider the case that p > 3. In this case v; has a negative neighbor
vr # v on C. Let

C' = yvv1Chy.

Then V(D) —V(C)— X # 0 and thus, |[V(C)NX| > |V(C)NX| > [V(D1)|+2=2p+1
by choice of C'. Hence

[X| = V(C) N X] +[V(D1)] = 4p.

So vj /» Dy for every index j with 1 < j <k —1. Since NT(V(C)NX) — X C {v;}
and v — v; € X, it follows that [V (C) N X| > 2p by Lemma 3.4(c). Soif |[X|=4p—1
we conclude by Lemma 3.5 that D is a member of 7,7

Subcase 1.1.5.2.2: Suppose that i # k and V(Clviy1,vx]) N X = (). We conclude that
V(C)—=-X]|>2.

If D has an arc vjvg, where j # k — 1, let

C, = yC[vl,vj]kaly.
Then V(D) — V(C') — X # () and thus, [V(C)NX| > [V(C")N X| > 2p+ 1 by choice of

C. Hence
X[ =[V(C)N X[+ |V(D1)| > 4p.

17



So N~ (v, C) = {vk—1} which implies that p = 2. It suffices to show that |V (C) N
X| > 4. So assume to the contrary that V(C) N X = {v1,vs,v3} and i = 4. Note that
N*({v1,v2,v3},C) — {v1,v2,v3} C {va}.

If v; — Dj for an index j € {1,2,3}, let

C" = yClur, v;]Cry.
Then V(D) — V(C*) — X # 0 and thus, |[V(C)NX| > |[V(C*) N X| > 4 by choice of C,

a contradiction.

So Nt ({vy,v2,v3}) — {v1,v2,v3} C {vg}. Tt follows that vy — v and {vy,ve,v3} —
v4. Then vy has a positive neighbor v; on C, where j > 6. Let

é = yC’[vl, v4]C[vj, Uk]cly.

Then V(D)—V (C)—X # 0 and thus, |V (C)NX| > [V(C)NX| > 6, again a contradiction.

Subcase 1.1.5.2.3: Suppose that i # k and V(C[v;+1,v5]) N X = {z}.

Assume that « # v, If N7 (Dq,C) # {vi}, let v; — Dy, wherej # k. If 1 < j <i—1,
let

C' = yClz,v;]Cry

andift1 <j<k—1,let
C' = yClur,v;]Cry.

Then V(D) — V(C') — X # () and thus, [V (C)NnX| > [V(C)N X| > 2p+ 1 by choice of
C. Hence
[X] > [V(C) N X[+ [V(D1)] = 4p.

So N=(D1,C) = {vg}. We show that p = 2. If vy = x, assume that vy_; has a
negative neighbor v; # vi_ on C. Let

C* =yClvy, vj]vg—10kC1Yy.

Then V(D) — V(C*) = X # () and thus, |V(C)N X| > |V(C*) N X| > 2p + 1 by choice
of C'. Hence
IXI 2 [V(C) N X154 V(D) 2 4p.

So [N~ (vg-1,0)| = 1 and thus, p = 2. If vp_; # x, assume that vy has a negative
neighbor vj # vp_1 on C. Let
é = yC[vl,vj]kaly.
Then V(D) —V(C) — X # 0 and thus, [V(C) N X| > [V(C)N X| > 2p+ 1 by choice of
C. Hence
[ X[ = [V(C)n X[+ [V(D1)] = 4p.

So [N~ (v, C)| = 1 and thus, p = 2. Therefore it remains to show that |X| > 4p—1=T7.
Let A = V(C[v1,vi—1]). Note that A C X and |V(C)NX| = |A| + 1. If there is a vertex
vj € A that has a positive neighbor v, € V(C') — A besides v;, let

C = yClv1,v]Cloy, vE]Cry.
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Then V(D) — V(C) — X # 0 and thus, [V(C)N X| > [V(C)N X| > 2p = 4 by choice of
C'. Hence
X] > [V(C) N X| + V(Dy)| > dp—1 =T

So Nt(A) — A C {v;} and thus, |A| > 2p — 1 = 3 by Lemma 3.4(b). It follows that
X| > Al + 14 V(D) > 4p—1=T.

Assume that z = vg. Let A = V(C[v1,v;—1]). Note that A C X and |[V(C)NX| =
|A| + 1. If there is a vertex v; € A that has a positive neighbor v, € V(C) — A besides
v;, let

C' = yClv1,v;]Clvy, vk Cry.
Then V(D) — V(C') — X # () and thus, [V(C)NX| > [V(C")nX| > 2p+ 1 by choice of
C. Hence
[ X| = [V(C) N X[ +[V(D1)| = 4p.

If there is a vertex v; € A that dominates Dy, let
C* = yC[vk,vj]Cly.

Then V(D) — V(C*) — X # () and thus, |[V(C)N X| > |V(C*) N X| > 2p+ 1 by choice
of C'. Hence
[ X] = [V(C) N X[+ [V(Dy)| =4p.

So N*(A) — A C {v;} and thus, |A] > 2p — 1 by Lemma 3.4(b). Hence
[X| = [Af+ T+ [V(D1)] = 4p — 1.

It remains to check the case p > 3. In this case D has an arc vjv, where j # k —1. Let

C = yC'lvy, v;]veCry.
Then V(D) — V(C) = X # 0 and thus, [V(C)N X| > |[V(C)N X| > 2p+ 1 by choice of
C. Hence
| X] = [V(C) N X[+ [V(D1)] = 4p.

Case 1.2: Let Y = {y}. Similar to the case Y = (), we define

A = {v € V(D) | there exists a path leading from X*TUY ™ to v in D —y} and
B = {v € V(D) | there exists a path leading from v to X" UY ™ in D — y}.

Note that A C Xt UYTUX, BC X~ UY UX and ANB = 0 by Claim 6. Let
Ay, Ay, ..., A, be an acyclic ordering of the strong components of D[A], where ¢ > 1.
Then NT(A4,)—V(A4,) C {y} and thus, |V(4,)| > 2p—1 by Lemma 3.4(b) and |V (4,)| >
2p if A; / y by Lemma 3.4(c). Analogously, let By, By, ..., B, be an acyclic ordering of
the strong components of D[B], where r > 1. Then N~ (B;) — V(B1) C {y} and thus,
|V(B1)| > 2p—1 by Lemma 3.4(b) and |V (B1)| > 2p if y /» B; by Lemma 3.4(c). Since
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[V(A)NX|=|V(4,) —YT|>2p—2and [V(B))NX|=|V(B1)-Y | >2p—2, it
follows that |V (C) N X| > max{|V(4,) N X|,|V(B1) N X|} > 2p — 2 by choice of C.
Hence

1X| > [V(C) N X| +|V(Ay) N X| + [V(By) N X]| > 6p — 6.

Since 6p — 6 > 4p if and only if p > 3, it remains to check the case p = 2. In this case
we have to show that |X|>4p—1=17.

So assume to the contrary that | X| < 4p—2 =6. Then |V (4,)NX| = |V(B1)NX| =
V(C)NX| =2 V(Ay) =A,V(B)=B, X—-A-B-V({(C)=0and A -y — B.
Furthermore, V(C) — X # (. Let C4 = x129y121 be a Hamiltonian cycle of A, where
{1} =Y, and let Cp = x314y223 be a Hamiltonian cycle of B, where {yo} = Y . If
D has an arc uv from B to A, let

C' = yuTu uvvtoy.

Then V(D) — V(C'") — X # 0 and thus, |[V(C)N X| > |V(C") N X| = 4 by choice of C,
a contradiction. So D has no arc leading from B to A. Since §(D) > 2, it follows that
N*t(u,C) # 0 and N~ (v,C) # 0 for every vertex u € B and v € A. Hence B — C by
Claim 1. Let w € V(C) be a negative neighbor of x; and let

C* = yr3raypwrixay.

Then V(D) — V(C*) — X # () and thus, [V(C) N X| > |V(C*)N X| > 4 by choice of C,

again a contradiction.

Case 1.3: Note that NT(Y,C) = N=(Y,C) = 0 by Claim 2. Let P = zz; ...z, be
a shortest (X UY™)-(X~UY")-path in D. Then 20 € XTUY ™, z, € X~ UY™ and
{z1,20,...,20_1} € X UY. Furthermore, ¥ C V(P) by Claim 6 and thus, r > 3. Let
i= min{s | z; € Y} be the smallest integer such that z; € Y and let j = max{s | z, €
57} be the greatest integer such that z; € Y. We consider the positive and negative
neighborhood of zg € V(P), where 1 < s < 7 — 1. In view of Claims 1 and 2, we
have N~ (25, C) = 0 and in view of Claims 1-4 we have N*(z;) C X~ UY ™ U Xuvy.
Because of the choice of P, it follows that N~ (z) C X UY UX - UY~ for s > 2 and
Nt(z) CXUY for s <r—2.

If z4 has a positive neighbor z; € V(P) besides zs11, we conclude ¢t < s— 2 because of
the choice of P. Using the in-tournament property of D and the choice of P, it follows
that zs — 20 € XTUY ™, a contradiction to Claim 3 or 4. So N T (25, P) = {2511}

If z5 has a negative neighbor z; € V(P) besides z5_1, we conclude t > s + 2 because
of the choice of P. Due to the observations above, it follows that t = . So N~ (zs, P) C
{zs—1, 2}

Now we consider D — z; and D — z; and define the sets

A ={v € V(D) | there exists a path leading from z;_; to v in D — z;} and
B = {v € V(D) | there exists a path leading from v to zj;1 in D — z;}.
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Note that A € X+t UY UV (P[20,2-1])U(X —V(P)), BC X~ UY UV (P[zj11,2])U
(X —=V(P)) and ANB = by Claim 6. Let Ay, A, ..., A, be an acyclic ordering of the
strong components of D[A], where ¢ > 1, and let By, Bo, ..., Bs be an acyclic ordering
of the strong components of D[B], where s > 1. Then NT(A4,) — V(4,) C {2} and
thus, |V (Ay)| > 2p — 1 by Lemma 3.4(b) and |V (4,)| > 2p if A; / z; by Lemma 3.4(c).
Analogously, N™(B;) — V(B1) C {z;} and thus, |V(B1)| > 2p—1 by Lemma 3.4(b) and
|V(B1)| > 2p if z; /+ By by Lemma 3.4(c). Since |V(A)NX|=|V(4,) —-Y | >2p—2
and |[V(B1)NX| = |V(B1) =Y | >2p—2, it follows that |V(C) N X| > max{|V(44) N
X|,|V(B1) N X|} > 2p — 2 by choice of C. Hence

1X| > [V(C) N X| +|V(A) N X| + [V(B1) N X| > 6p=6.

Since
bp—6=>4p<=p=>3,

it remains to check the case p = 2. In this case we have to show that |X| >4p—1=7.

So assume to the contrary that | X| < 4p—2 = 6. Then |V (A4,)NX| =|V(B1)nX| =
V(C)NX|=2V(Ay) =A, V(B1)=B, X-A-B-V(C)=0, A= z and z; — B.
Furthermore, V(C) — X # (). Hence YT, Y~ # (), XTUYT C Aand X UY~ C B.
Since z; — B and P has minimal length, it follows that j = r — 1. Analogously, since
A — z; and P has minimal length, it follows that ¢ = 1. Let A = {a;,z2,y}, where
{z1,22} € X and YT = {y}. Since A induces a 3-cycle in D, we may assume, without
loss of generality, that D[A] = z1xoyx1. So zo & X by Claim 3. Hence 25 € X+. Let v
be a negative neighbor of x5 on C' and let

C' = 29 Pz, 2 |Cv ™", v]za.

Then V(D) —V(C') = X # 0 and |V(C") N X| > |[V(C)N X| + 1, a contradiction to the
choice of C.

Case 2: Suppose that XUV # ) and X ~UY~ = . In this case N~ (C)=V(C) C Y,
since N T (X, C) = 0 by Claim 1. Since D is strong, it follows that D has an arc from Y
to C and thus, |Y| =1 and Y = @ by Claim 2. Let Y = {y}. Since y ¢ Y, it follows
that N~ (y,C) # 0.

If X + 0, note that N*(X,€) = 0 by Claim 1 and N*(X, X ) = @ by Claim 3. Since
N~ (y,C) #0, it follows that N*(X,y) = 0 and thus, D is not strong, a contradiction.
So X =0.

Let Dy, Dy, .., D, be an acyclic ordering of the strong components of D[X ], where
q > 1. Then N*(D,) —V(D,) C {y} and thus, |V(D,)| > 2p — 1 by Lemma 3.4(b)
and |V(Dy)| > 2p if Dy 4 y by Lemma 3.4(c). Let C; be a Hamiltonian cycle of D,.
Then V(D) — V(Cy) — X # 0 and thus, |[V(C) N X| > |V(Cy)| by choice of C. So if
[V(Dg)| > 2p orif ¢ >3 orif [V(Dg—1)| > 3, it follows that |X| > 4p. It remains to
check the case that ¢ = 2, |V (D2)| =2p—1 and |V(D;)| = 1 (Subcase 2.1) and the case
that ¢ = 1 and |V(D;)| = 2p — 1 (Subcase 2.2). Note that in both cases Dy, — y, since
V(Dg)| = 2p— 1.

21



Subcase 2.1. Suppose that ¢ = 2, [V(D2)| =2p —1 and |V(D;1)| = 1. Let V(D,) =
{z}. Since d*(x) > 2 and Nt (z,C) = 0, it follows that = has a positive neighbor in Ds.
Hence x — Dy. Since d™ (z) > 2, either y — x or y has at least two positive neighbors
on C.

Subcase 2.1.1. Suppose that y — x. Let

O = yxCoy.

Then V(D) — V(C") — X # () and thus, |V(C)NX| > |V(C") N X| = 2p by choice of C.
Hence
| X[ = |V(C)n X[+ |XF| > 4p.

Subcase 2.1.2. Suppose that y 4 z. Then |[NT(y,C)| > 2 and [N~ (2,C)| > 2. We
may assume, without loss of generality, that vy, — y — wv1. Since D is an in-tournament,
it follows subsequently that vy — Do and v, — x. Let v; be a second negative neighbor
of z on C, where 1 <i <k —1.

If V(C[UZ’_H, Uk]) — X #£0, let

C' = yClvy,v;]xCay.

Then V(D) — V(C'") — X # () and thus, |V(C) N X| > |V (C") N X| > 2p by choice of C.
Hence

[ X| = [V(C)nX|+[X| > 4p.

So V(Clvit1,vg]) € X and thus, V(C) — X C V(C[v1,v:]). Let v; be a second
positive neighbor of y on C, where 2 < j < k — 1.
fit1<j<k—1,let
C* = yClvj, vi|zCay.

Then V(D) — V(C*) — X # 0 and thus, |V(C)NX| > |V(C*)NX| > 2p by choice of C.
Hence
1X] = V(YA X| #1X+] > 4p.

So2<L 7 <.
If V(C[vl,vj_l]) — X #£0, let

C' = yClvj, v |zCay.

Then V(D) — V(C) = X #0 and thus, [V(C)NX| > |[V(C)N X| > 2p+ 1 by choice of
C. Hence
[X|=[V(C) N X[ +[XT| > 4p.

So V(Clvi,vj-1]) € X. Let r = min{s | vs ¢ X}. Then r < i. Let A =
{?)1, V2, .. ,vr_l}.

If there is a vertex vs € A that has a positive neighbor v; on C' outside of A U {v,},
let

C = yClvy,vs|Clvg, vg ]z Coy,
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if there is a vertex vs € A that dominates x, let

C = yClvy,vs|xCay

and if there is a vertex vy € A that has a positive neighbor in Ds, let

C = yCluy,vs|Cay.

Then V(D) — V(C) — X # 0 and thus, [V(C) N X| > |V(C) N X| > 2p by choice of C.
Hence
X = [V(C)nX|+|X*| > 4p.

So NT(A) — A = {v,} and thus, |A| > 2p — 1 by Lemma 3.4(b). Since v} ¢ A and
v € X, it follows that [V(C) N X| > 2p and thus,

X = [V(C)n X|+|X*| > 4p.

Subcase 2.2. Suppose that ¢ =1 and |V(D1)| =2p — 1. In this case [Nt (y,C)| > 2.
We consider two subcases depending on the structure of the negative neighborhood of y
on C.

Subcase 2.2.1. Suppose that there exist two vertices v # w on C such that {v,w} —
y — {vT wt}. Let, without loss of generality, v = v, and w = v;, where i # k. Then
{vi,vx} — Di. We may assume, without loss of generality, that V/(C|vy,v;]) N X # 0
and V(Clvit1,vx]) — X # 0.

If |[V(Cloy,vi]) N X | > 2, let

C" = yClvy,vi]Cry.

Then V(D) — V(C') — X # () and thus, |V (C)NX| > [V(C")NX| > 2p+ 1 by choice of
C. Hence
| X] = [V(C)NX| + [XT| > 4p.

So |V (C[v1,v;])NX| = 1. Sinee |V(C)NX| > 3, it follows that |V (C[vjt1,vg]) N X| >
2. If V(C[vl,vi]) - X # 0, let
. © yC[viJrl,vk]Cly.

Then V(D) — V(C*) — X # () and thus, |V(C)N X| > |[V(C*)N X| > 2p + 1 by choice
of C. Hence
X[ = |V(C)N X[+ |XF| > 4p.

So V(C[v1,vi]) € X and thus, v; = v; € X, again a contradiction.

Subcase 2.2.2. Suppose that there do not exist two vertices v # w on C such
that {v,w} — y — {vT,w"}. Then we may assume, without loss of generality, that
vy — y — {v1,v2}. It follows that vy — Dy. If v1 ¢ X let

C/ = yC[vz, Uk]cly.
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Then V(D) — V(C') — X # () and thus, [V(C)NX| > [V(C") N X| > 2p+ 2 by choice of
C'. Hence
IX|=|V(C)NX|+|XT|>4p+ 1.

So v1 € X. Analogously we can show that vy € X if p > 3.
Subcase 2.2.2.1. Suppose that N7 (D1,C) # {vx}. Let i be the minimal index such
that v; — Dy.
Subcase 2.2.2.1.1: Suppose that p = 2. Then it suffices to show that | X| > 4p—1 = 7.
If V(Clviy1,vk]) — X # 0, let

C* = yC[vl, vi]C’ly.

Then V(D) — V(C*) — X # () and thus, |[V(C)NX| > |V(C*)NX]| > 2p = 4 by choice
of C. Hence
X =|VO)NX|+|Xt>4p-1=T7.
So assume that V(C[vj41,vx]) € X. Let j be the minimal index such that v; ¢ X.

Then j <. Let A = {v1,vo,...,vj_1}. If there is a vertex v, € A that has a positive
neighbor v on C outside of AU {v;}, let

C= yC[vl, UT]C[U& Uk]cly-
Then V(D) — V(C) — X # 0 and thus, |[V(C)NX| > |V(C)N X| > 2p =4. Hence
X =|VIC)NX|+|XT|>4p-1=T7.

So N*(A4) — A = {v;} and thus, |A| > 2p — 1 = 3 by Lemma 3.4(b). Since v, ¢ A and
v € X, it follows that [V(C) N X| > 2p = 4 and thus,

X =V(O)NX|+|XT|24p~1=T7.

Subcase 2.2.2.1.2: Suppose that p > 3. We have to show that | X| > 4p. Due to our
assumption we conclude that y — {vq,va,v3} and {v1,v2} C X.
Assume that i # 1. If V(Clujp1, vr]) — X # 0, let

C* = yC[vl, vi]Cly.

Then V(D) =V (C*) = X # 0 and thus, |V(C)N X| > |V(C*) N X| > 2p + 1 by choice
of C. Hence
| X[ = |V(C)n X[+ |XF| > 4p.

So V(Clvit15v5]) € X. Let j be the minimal integer such that v; ¢ X. Then j <i. Let
A = {vi,v2,...,u5_1}. If there is a vertex v, € A that has a positive neighbor v, on C
outside of AU {vj}, let

C = yCluy, v, |Clvs, vg]Cry.

Then V(D) — V(C) — X # 0 and thus, |[V(C) N X| > |V(C) N X| > 2p + 1 by choice of
C. Hence
X[ = |V(C)N X[+ |XF| > 4p.
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So N*(A)— A = {v;} and thus, |A| > 2p—1 by Lemma 3.4(b). If i < k—2, we conclude
that
X > (X + Al + Hvg—1, v }| > 4p.

Soi=k—1 If V(Clvj,v]) N X # 0, it follows that
X1 2 X+ AL+ (o +1> 4p.

So assume that V(C[v;,v;]) N X = 0. Since d~ (v) > p > 3, the vertex v has a negative
neighbor vy # vk_1 on C. Let

C = yCluy, ve]vpChy.
Then V(D) — V(C) — X # 0 and thus, |V(C) N X| > |V(C) M X| > 2p + 1 by choice of
C'. Hence
X = [V(C)nX|+|X*| > 4p.

Assume that ¢ = 1. If v ¢ X, let v; # vi, be a negative neighbor of vy on C. Let
C* = yC[vg, vt]vlCly.

Then V(D) — V(C*) — X # 0 and thus, |V(C) N X| > |V(C*) N X| > 2p + 1 by choice
of C. Hence
| X| = |V(C)nX][+|XF| > 4p.

So v, € X. Let j be the minimal integer such that v; ¢ X and let A = {vy,ve,...,vj_1}.
If there is a vertex v, € A that has a positive neighbor v on C outside of AU {v;}, let

O = yClu, v, |Clus, vi | Cry.
Then V(D) — V(C) — X #( and thus, |V (C) N X| > 2p+ 1 by choice of C. Hence
| X[ = [V(C)n X| +|X | > 4p.

So N*(A)— A = {v,} and thus, |A| > 2p—1 by Lemma 3.4(b). If V(Clvj, vy_2])NX # 0,
we conclude that
X[ 2 X7+ A+ o] +1 > 4p.

So V(Clvj;vg—2]) N X = 0. Since d~(vg) > p > 3, the vertex v;, has a negative neighbor
vt # vk on C. Let
C = yClvy, v|vpChy.
Then V(D) — V(C) — X # 0 and thus, [V(C) N X| > |[V(C)N X| > 2p+ 1 by choice of
C. Hence
X[ = |V(C)N X[+ |XF| > 4p.

Subcase 2.2.2.2: Suppose that N~ (D1,C) = {vg}. Let j be the smallest index such
that v; ¢ X.
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Subcase 2.2.2.2.1: Suppose that v, € X. Let A = {vi,va,...,vj_1}. If there is a
vertex v, € A that has a positive neighbor v; on C outside of AU {v;}, let

C* = yClvy, v, ]Clus, vg].

Then V(D) — V(C*) — X # (0 and thus, |V(C)N X| > |V(C*) N X| > 2p + 1 by choice
of C'. Hence
[X|=[V(C) N X[ +[XT| > 4p.

So N*(A)—A = {v;} and thus, |A] > 2p—1 by Lemma 3.4(b). If vj_; € X, we conclude
that
X > [A] + [X ]+ Hvg—1, v }| > 4p.

So vg_1 ¢ X. Since d™ (vg) > p > 3, there is a negative neighbor vy # vi_1 of v on C.
Let

C = yCluy, ve]vpChy.

Then V(D) — V(C) — X # () and thus, |V (C) N X| > [V(C)NX|> 2p+ 1 by choice of
C'. Hence
|X| = |V(C)NX|+ |XT| > 4p.

Subcase 2.2.2.2.2: Suppose that v ¢ X.
If j < k, we consider v_1. If vp_1 ¢ X let vy # vip_1 be a negative neighbor of vy
on C. Let
C* = yCluy, ve]oky.

Then V(D) — V(C*) — X # 0 and thus, |V(C) N X| > |V(C*) N X| > 2p + 1 by choice
of C. Hence
|X| = |V(C)N X|+|XT| > 4p.

Sovg—1 € X and j <k =2. Let A ={v1,v2,...,vj-1} If there is a vertex v, € A that
has a positive neighbor v, on C outside of AU {v;}, let

C = yClvr, v, |Clus, vi | Chry.
Then V(D) — V(C) = X # () and thus, |V (C) N X| > 2p + 1 by choice of C. Hence
1X| =[V(C)n X|+|X*| > 4p.

So N*(A)=A = {v;} and thus, |A] > 2p—1 by Lemma 3.4(b). If |V (C|v;, vx]) N X| > 2,
we conclude that
| X| > [A] + X[ +2 = 4p.

So assume that V(C[v;,vg]) N X = {vp_1}. If vy_; has a negative neighbor vy # vg_o
on C, let

C = yCluy, v]vg_1vCry.

Then V(D) — V(C) — X # 0 and thus, [V(C) N X| > [V(C)N X| > 2p+ 1 by choice of
C. Hence
| X[ = |V(C)N X[+ |XF| > 4p.
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So N~ (vg—1,C) = {vg_2} and thus, p = 2. Since
X[ = [XT[+[Al+1=4p-1=7,

there is nothing left to show.
If j = k, it follows that |A| = |V(C) N X| > 2p by Lemma 3.4(c). Soif | X|=4p—1
we conclude by Lemma 3.5 that D is a member of 7,7*.

Case 3: Recall that N*(C,X) = 0 by Claim 1. Since D is strong, it follows that
Y # 0 and N*(C,Y) # 0. By Claim 2 we conclude that |Y| = 1 and Y~ = (). The
latter implies that X~ # (. Let ¥ = {y}. Then NT(y,C) # @-and N~ (y,C) # 0.
Since D is an in-tournament, the vertex y is adjacent to every vertex of X . Let
Dy, Ds,...,D, be an acyclic ordering of the strong components of D[X T U X], where
q>1. Then N=(Dy) — V(D1) C {y} and thus, |[V(D;)| > 2p — 1 by Lemma 3.4(b) and
|[V(D1)| > 2p if y / Dy by Lemma 3.4(c). Let C; be a Hamiltonian cycle of D;. Since
V(D)—=V(Cy)— X # 0, it follows that |[V(C)NX| > |[V(Cy)NX| =]V (Dy)| by choice of
C. If |V(D1)| >2porifqg>3orifqg=2and|V(D3)| >3, we conclude that |X| > 4p.
It remains to check the case ¢ = 2, |V(D1)| = 2p—1 and |V(D2)| = 1 (Subcase 3.1) and
the case ¢ = 1 and |V (D;)| = 2p — 1 (Subcase 3.2). Note that in both cases y — Dy,
since |V(Dy)| =2p — 1.

Subcase 5.1. Suppose that ¢ = 2, [V(D1)[ = 2p — 1 and [V/(D2)| = 1. Let V(D3) =
{2}, Since z3 € X~ U X, it follows that N~ (zxp,C) = (. The latter together with
d~(z2) > p > 2 yields that there is a vertex z3 € V(Dj) that dominates x.

Subcase 3.1.1. Suppose that xo — y. Let

C' = yC1[x] 21|22y

Then V(D) — V(C") — X # () and thus, |V(C) N X| > |V (C") N X| = 2p by choice of C.
Hence
[ X| = [V(C)N X[+ [V (D) +1 = 4p.

Subcase 3.1.2. Suppose that xg 4 y. Then [N~ (y,C)| > 2. In addition, note that
N*(x9,C) # 0 and thus, o — C. Let, without loss of generality, {v;,v;} — ¥, where
i < k—1. We may assume, without loss of generality, that V(Clvy,v;]) — X # 0 and
V(C[UH_l, ’Uk]) NX # (. Let

C' = yC1lx], 21)22C Vi1, vi]y.

Then V(D) = V(C') = X # () and thus, [V(C)NX| > [V(C")NX| > 2p+ 1 by choice of
C. Hence
| X| = [V(C)N X[+ [V(D1)| +1>4p+1.

Subcase 3.2: Suppose that ¢ = 1 and |V(D;)] = 2p — 1. Then D; — C and
IN"(y.C)| = p.
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Subcase 3.2.1: Suppose that [N~ (y,C)| > 3. Let {v;,vj,vp} — v, where 1 < i <
j < k—1. We may assume, without loss of generality, that V(C|vy,v;]) — X # 0 and
|V(C[Ui+1,vk]) N X| > 2. Let

C' = yCClvis1, viy.

Then V(D) — V(C') — X # () and thus, [V(C)NX| > [V(C')NX| > 2p+ 1 by choice of
C. Hence
[ X] = [V(C)n X[+ [V(D1)] = 4p.

Subcase 3.2.2: Suppose that [N~ (y,C)| = p = 2. We have to show that |X| >
4p — 1 = 7. Let, without loss of generality, {v;,vx} — y, where i < k — 1. We may
assume, without loss of generality, that V(C|vy, v;]) — X # 0 and V(Clvj1, vk]) N X # 0.
Let

Cl = yClC[viH,vk]y.
Then V(D) — V(C') — X # () and thus, |V(C)N X| > [V(C') N X| > 2p = 4 by choice
of C. Hence
(X =V (@) NnX[+[V(D1)] = 4p -1

which completes the proof of this lemma. O

6 Generalizations of Kotani’s Theorems

In this section we use the results of Section 5 to generalize Theorems 1.8, 1.9 and 1.10
to in-tournaments. The following three results summarize our present achievements.

Theorem 6.1. Let p > 2 be an integer and let D be a strong in-tournament with
(D) >p. If X CV(D) with | X| <4p—3 and X # V (D), then there exists a cycle C
in D such that X C V(C) and |V (C)| = |V(D)| — 1.

Proof. Let X be a subset of V(D) such that |X| <4p —3 and X # V(D). Let C, X,
X, X, X, Yt Y-, Y and Y be defined as above.

Assume that X — V(C) # 0. If | X| = |[V(D)| — 1, then we get a contradiction by
Lemma 5.1. If | X| < |V(D)| — 2, then we get a contradiction by Lemma 5.2.

Hence, we obtain X C V(C) and |V(C)| = |V(D)| — 1 by Claim 10. O

Theorem 6.2. Let p > 2 be an integer and let D be a strong in-tournament with
|V(D)| > 4p and 5(D) >p. If X C V(D) with |X| < 4p — 2, then either

(a) there exists a cycle C in D such that X C V(C) and |V (C)| =|V(D)| -1 or
(b) DeT*

loc®
Proof. Let X be a subset of V(D) such that |X| < 4p —2 and let C, X+, X, X, X,
Y+, Y™, Y and Y be defined as above. In addition, let D ¢ T*

loc*

Assume that X —V(C) # 0. Since D ¢ 7;* ., Lemma 5.2(a) implies that |X| > 4p—1,

a contradiction to our assumption. Hence, by Claim 10, it follows that X C V(C) and
V(O = V(D) - 1. O
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Theorem 6.3. Let p > 3 be an integer. Let D be a strong in-tournament with |V (D)| >
dp+1 and §(D) > p. If X C V(D) with | X| < 4p — 1, then either

(a) there exists a cycle C in D such that X C V(C) and |V(C)| =|V(D)| -1 or
(b) De T JT > UTr

loc*
Proof. Let X be a subset of V(D) such that |X| < 4p —1 and let C, X+, X, X, X,
YT, Y™,V and Y be defined as above. In addition, let D ¢ T, UT > U T},
Assume that X —V(C') # (. Note that D ¢ 7", since |[V(D)| > 4p+1. Additionally
D ¢ T UT;»*UT,** and thus, Lemma 5.2(b) implies that | X| > 4p, a contradiction to our
assumption. Hence, by Claim 10, it follows that X C V(C) and |V(C)| = |V(D)|-1. O

The combination of Lemma 3.3 and the theorems above yields the following results.

Theorem 6.4. Let D be a strong in-tournament and let p > 2 be an integer. If6(D) > p,
then D has at least k = min {|V(D)|,4p — 2} vertices x1, 2, ... ,xg such that D — x; is
strong fori=1,2,...,k.

Theorem 6.5. Let D be a strong in-tournament such that D ¢ T;%. and let p > 2 be
an integer. If 6(D) > p and |V(D)| > 4p, then D has at least k = 4p — 1 vertices

T1,%2,...,Tk such that D — x; is strong fori=1,2,... k.

Theorem 6.6. Let D be a strong in-tournament such that D ¢ 7% U T U 1" and
let p > 3 be an integer. If (D) > p and |V(D)| > 4p + 1, then D has at least k = 4p
vertices x1,xs, ..., T such that D — x; is strong for i =1,2,... k.

The corresponding results for the class of local tournaments can be formulated as
follows.

Corollary 6.7 (Meierling & Volkmann [8] 2007). Let D be a strong local tournament
and let p > 2 be an integer. If §(D) > p, then D has at least k = min{|V (D)|,4p — 2}
vertices x1,xs,...,TE such that D — x; is strong fori=1,2,... k.

Corollary 6.8 (Meierling & Volkmann [8] 2007). Let D be a strong local tournament
such that D ¢ T}, and let p > 2 be an integer. If §(D) > p and |V (D)| > 4p, then D has
at least k = 4p — 1 vertices x1,xa,...,xx such that D — x; is strong fori=1,2,... k.

Corollary 6.9 (Meierling & Volkmann [8] 2007). Let D be a strong local tournament
such that D ¢ T;** and let p > 3 be an integer. If 6(D) > p and |V(D)| > 4p+1, then D

loc
has at least k = 4p wvertices x1,x2, ..., 2, such that D — x; is strong fori=1,2,... k.

Since the exceptional classes of in-tournaments and local tournaments do not contain
any tournaments, Theorems 1.8, 1.9 and 1.10 by Kotani [5] are direct consequences of
our results.
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