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Abstract

A digraph without loops, multiple arcs and directed cycles of length two
is called a local tournament if the set of in-neighbors as well as the set of
out-neighbors of every vertex induces a tournament. A vertex of a strongly
connected digraph is called a non-separating vertex if its removal preserves
the strong connectivity of the digraph in question.

In 1990, Bang-Jensen showed that a strongly connected local tournament
does not have any non-separating vertices if and only if it is a directed
cycle. Guo and Volkmann extended this result in 1994. They determined
the strongly connected local tournament with exactly one non-separating
vertex. In the first part of this paper we characterize the class of strongly
connected local tournaments with exactly two non-separating vertices.

In the second part of the paper we consider the following problem: Given
a strongly connected local tournament D of order n with at least n 4 2 arcs
and an integer 3 < r < n. How many directed cycles of length r exist in D?
For tournaments this problem was treated by Moon in 1966 and Las Vergnas
in 1975. A reformulation of the results of the first part shows that we have
characterized the class of strongly connected local tournaments with exactly
two directed cycles of length n — 1. Among other things we show that D has
at least n —r+ 1 directed cycles of length r for 4 < r <n —1 unless it has a
special structure. Moreover, we characterize the class of local tournaments
with exactly n — r + 1 directed cycles of length r for 4 < r < n — 1 which
generalizes a result of Las Vergnas.
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1 Terminology and introduction

All digraphs mentioned here are finite without loops, multiple arcs and directed
cycles of length two. For a digraph D, we denote by V(D) and E(D) the vertex set
and arc set of D, respectively. The number |V (D)] is the order of the digraph D.
The subdigraph induced by a subset A of V(D) is denoted by D[A].

Let D be a digraph with V(D) = {vy,vs,...,v.} and let Hy, Hs,....H, be
a collection of digraphs. Then D[H;, Hs, ..., H,| is the new digraph obtained



from D by replacing each vertex v; of D with H; and adding the arcs from every
vertex of H; to every vertex of H; if v;v; is an arc of D for all ¢ and j satisfying
1<i#j<r.

If xy € E(D), then y is a positive neighbor or out-neighbor of x and z is a
negative neighbor or in-neighbor of y, and we also say that x dominates y and that
y 18 dominated by x, denoted by x — y. More generally, if A and B are two disjoint
subdigraphs of a digraph D such that every vertex of A dominates every vertex
of B, then we say that A dominates B and that B is dominated by A, denoted
by A — B. Furthermore, A ~ B denotes the fact that there is no arc leading
from B to A and at least one arc is leading from A to B. In this case we also say
that A weakly dominates B. The outset N*(x) of a vertex x is the set of positive
neighbors of x. More generally, for arbitrary subdigraphs A and B of D, the
outset N1 (A, B) is the set of vertices in B to which there is an arc from a vertex
in A. The insets N~ (z) and N~ (A, B) are defined analogously. The numbers
dt(z) = |[NT(x)| and d~(x) = |[N~(z)| are called outdegree and indegree of z,
respectively. The minimum outdegree 6 (D) and the minimum indegree 0~(D)
of D are given by min {d*(z)|z € V(D)} and min{d (x)|z € V (D)}, respectively.
Furthermore, let (D) denote the minimum of 6% (D) and §= (D).

Throughout this paper, directed cycles and paths are simply called cycles and
paths. The length of a cycle C' or a path P is the number of arcs included in
C or P. Let C = mxs... 2521 be a cycle of length k. Then C[z;,z;], where
1 < 4,5 < k, denotes the subpath ;x4 ...2; of C with initial verter x; and
terminal vertex x;. Furthermore, if x is a vertex of C', then 2+ = z/, denotes its
successor on C' and 2~ = x, denotes its predecessor on C. The notations for paths
are defined analogously.

A digraph D is vertez k-pancyclic if every vertex belongs to a cycle of length ¢
for 0 =k, k+1,...,|V(D)]. If k =3, we call D vertex pancyclic.

A digraph D is said to be strongly connected or just strong, if for every pair x, y
of vertices of D, there is a path from z to y.

An n-tournament is an orientation of a complete undirected graph of order n.
A local tournament is a digraph where the inset as well as the outset of every
vertex induces a tournament.

Throughout this paper all subscripts are taken modulo the corresponding num-
ber.

In 1966, Moon [10] proved that in a strongly connected tournament every vertex
belongs to cycles of arbitrary lengths.

Theorem 1.1 (Moon [10] 1966). A tournament T is strong if and only if T is
vertex pancyclic.

From Moon’s result it follows immediately that a strongly connected tourna-
ment T of order greater or equal four contains at least two non-separating vertices.
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Figure 1: The local tournament with exactly one non-separating vertex.

This was formulated and proved by Korvin [6] in 1967.

Corollary 1.2 (Korvin [6] 1967). If T is a strong tournament with |V (T)| > 4,
then T contains at least two non-separating vertices.

In 1975, Las Vergnas [8] determined all strongly connected tournaments with
exactly two non-separating vertices.

Theorem 1.3 (Las Vergnas [8] 1975). A strong tournament T on n wertices has
at least three non-separating vertices, unless T is isomorphic to Q,, where Q,, is
the tournament of order n consisting of a path xi1xs...x, and all arcs x;x; for
t>7+1.

In 1990, Bang-Jensen [1] proved that every strongly connected locally semi-
complete digraph that is not a cycle has at least one non-separating vertex.

Theorem 1.4 (Bang-Jensen [1] 1990). Let D be a strongly connected local tour-
nament that is not a cycle. Then D has a non-separating vertex.

Four years later Guo and Volkmann [5} showed that every strongly connected
locally semicomplete digraph on m > 4 vertices has at least two non-separating
vertices if it has at least n 4 2 arcs and determined the digraph in Figure 1 to be
the only locally semicomplete digraph with exactly one non-separating vertex.

Theorem 1.5 (Guo & Volkmann [5] 1994). Let D be a strongly connected local
tournament.

(a) If D has at least |V (D)| + 2 arcs, then D has at least two non-separating
vertices;

(b) The digraph D has exactly one non-separating vertex if and only if D is iso-
morphic to the digraph depicted in Figure 1;

(c) Every vertex of D is a separating vertex if and only if D is a cycle.
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In 2006, Kotani [7] investigated how many non-separating vertices a tourna-
ment with minimum degree greater or equal two has at the least. Inspired by this
article, Meierling and Volkmann [9] generalized her results in considering the class
of local tournaments.

Theorem 1.6 (Meierling & Volkmann [9] 2007). Let D be a strong local tour-
nament and let p > 2 be an integer. If 6(D) > p, then D has at least k =
min {|V(D)|,4p — 2} wvertices x1,x,...,x such that D — x; is strong for i =
1,2, k.

In Section 3 we characterize all strongly connected local tournaments with
exactly two non-separating vertices.
In Section 4 we further investigate the following problem.

Problem 1.7. Given a strong local tournament D on n vertices and an integer r
with 3 < r <n. How many cycles of length r exist in D?

In this context Moon [10] proved the following result for tournaments in 1966.

Theorem 1.8 (Moon [10] 1966). Let T be a strong tournament on n vertices and
let  be an integer such that 3 < r < mn. Then T has at least n—r+ 1 cycles of
length r for every 3 <r <n.

In 1975, Las Vergnas [8] characterized all strongly econnected tournaments with
minimal number of cycles of a given length 4 <r <n — 1.

Theorem 1.9 (Las Vergnas [8] 1975). Let T' be a strong tournament on n > 5
vertices. Then T has at least n — r + 2 cycles of length r for every 4 <r <n —1
unless T is isomorphic to @, (cf. Theorem 1.3).

The class of strongly connected tournaments with exactly one Hamiltonian
cycle was characterized by Douglas [4] in 1970, and the class of strongly connected
tournaments with exactly n — 2 ¢ycles of length three was characterized by Burzio
and Demaria [3] in 1990.

Bang-Jensen, Guo, Gutin and Volkmann [2] investigated which local tourna-
ments are vertex pancyclic. In order to state their result we need the following
definitions.

Definition 1.10. A digraph on n wvertices is called a round digraph if its ver-

tices vy, Vg, . . ., Uy can be labelled such that N*(v;) = {viy1, Viva, - - -, Vitat )} and
N~ (v;) = {viz1,Vi—2, - . ., Vieg—(v,) } for every i, where the subscripts are taken mod-
ulo n. We refer to vy, vy, ..., v, as a round labeling of D.



Definition 1.11. A local tournament D is round-decomposable if there exists
a round local tournament R on r > 2 wvertices and strong local subtournaments
H17 HQ, e Hr OfD such that D = R[Hl, HQ, cey Hr] We call R[Hl, HQ, e Hr]

a round decomposition of D.

Definition 1.12. Let D be a strongly connected local tournament. The quasi-girth
g(D) of D is defined as follows: If D is round-decomposable and it has the round
decomposition D = R[Hy, Hs, ..., H,|, then g(D) is the length of a shortest cycle
in R; if D is not round-decomposable, then g(D) = 3.

We are now able to present Bang-Jensen, Guo, Gutin and Volkmann’s result.

Theorem 1.13 (Bang-Jensen, Guo, Gutin & Volkmann [2] 1997). Let D be a
strongly connected local tournament on n > 4 vertices that is not a cycle.

(a) If D is round-decomposable, then D is vertez (g(D) + 1)-pancyclic;
(b) If D is not round-decomposable, then D is vertex pancyclic.

In Section 4 we investigate Problem 1.7 and transfer Theorems 1.8 and 1.9 to
the class of local tournaments.

2 Preliminary results

Theorem 2.1 (Bang-Jensen [1] 1990). A local tournament is strong if and only if
it has a Hamiltonian cycle.

Lemma 2.2 (Bang-Jensen [1] 1990). Let D be a local tournament containing a
cycle C' = wuqug ... upuy. If there ezists a vertex v € V(D) — V(C) such that
Nt (v,C) #0 (or N=(C,v) # (), then either v — C (C — v, respectively) or
U; — v — Ugyq for some integer 1. < i < k, i.e. there exists a cycle C' in D such

that V(C") = V(C) U {v}.
Theorem 2.3 (Bang-Jensen [1] 1990). Let D be a connected local tournament.

(a) If A-and B are two strong components of D, then either there is no arc between
them or A dominates B or B dominates A;

(b) If A and B are two strong components of D such that A dominates B, then
DI[A] and DI|B] are tournaments;

(c) The strong components of D can be ordered in a unique way Dy, Ds, ..., D,,
where p > 1, such that there are no arcs from D; to D; for j > i, and D;
dominates D1 fori=1,2,...,p— 1.



According to the above theorem we give the following definition.

Definition 2.4. Let D be a connected local tournament. Then the unique sequence
Dy, Ds, ..., D, as defined in Theorem 2.3 is called the strong decomposition of D.
Furthermore, we call Dy the initial strong component and D,, the terminal strong
component of D.

From the fact that every connected non-strong local tournament has a unique
strong decomposition, Guo and Volkmann [5] found a further useful decomposition,
which is formulated in the next theorem.

Theorem 2.5 (Guo & Volkmann [5] 1994). Let D be a connected local tournament
that is not strong. Then D can be decomposed in r > 2 subdigraphs D}, Dy, ..., D\
such that every D} is a tournament and the following holds.

(a) D7 is the terminal component of D and D, consists of some strong components
of D fori>2;

(b) D, dominates the initial strong component of D} and there exists no arc from
Dj to D, fori=1,2,...,r—1;
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(c) é’fr > 3, then there is no arc between Dj and D} fori and j satisfying |j —i| >

According to Theorem 2.5, we give the following definition.

Definition 2.6. Let D be a connected local tournament that is not strong. Then
the unique sequence D7, Db, ..., D! as defined in Theorem 2.5 is called the semi-
complete decomposition of D.

Now we give a characterization of strongly connected local tournaments that
are neither tournaments nor round-decomposable.

Theorem 2.7 (Bang-Jensen, Guo, Gutin & Volkmann [2] 1997). Let D be a
connected local tournament which is not a tournament. Then D is not round-de-
composable if and only if the following conditions are satisfied:

(a) There is a minimal separating set S of D such that D — S is not a tournament
and for each such S the digraph D[S] is a tournament and the semicomplete
decomposition of D — S has exactly three components Dy, D} and Dj;

(b) There are integers o, B, p and v with A < a < <p—1landp+1<pu<
v < p+ q such that
N~(Da, D,) # 0 and N*(Da, D,) # 0
or N"(D,,, Dy) # 0 and N*(D,, Dg) # 0,

where Dy, Dy, ..., D, and Dyi1, Dpia, ..., Dyiy are the strong decompositions
of D — S and DI[S], respectively, and D, is the initial component of D}.
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Figure 2: Local tournaments C? with exactly two non-separating vertices.

3 The number of non-separating vertices in local
tournaments with low degree

In [9], Meierling and Volkmann considered the following problem: how many non-
separating vertices does a strongly connected local tournament have at the least
if the minimum degree ¢ is greater or equal than p > 27 They showed that the
answer is k = min {|V(T)|,4p — 2} (cf. Theorem 1.6). In this section we discuss
the same question for strongly connected local tournaments with no restrictions
on the minimum degree. We characterize all strongly connected local tournaments
that have exactly two non-separating vertices thereby generalizing Theorem 1.3
for tournaments. Firstly we would like to remark the following.

Remark 3.1. The tournament Q,, has only two non-separating vertices, the ver-
tices 1 and x,. So every local tournament D on n wertices that is a subdigraph
of Qy, has at most two non-separating vertices.

3.1 The exceptional cases

Recall that a strongly connected local tournament has no non-separating vertex
if and only if it is a cycle and exactly one non-separating vertex if and only if it
is isomorphic to the digraph depicted in Figure 1. Therefore we concentrate on
strongly connected local tournaments D that have at least |V (D)| + 2 arcs. In
this subsection we present two classes of local tournaments that have exactly two
non-separating vertices (cf. Figure 2).

Definition 3.2. Let C' = x1x5 ... 2,21 be a cycle on n vertices. Let

(a) CJ be the strong local tournament that consists of the cycle C and the additional
arcs x1x3 and x;T;40, where j € {2,3,...,n};



Figure 3: The local tournament @)} with exactly two non-separating vertices.

(b) C! be the strong local tournament that consists of the cycle C' and the additional
arcs x1xs3, r1Ty and Toxy.

It is easy to see that the only non-separating vertices of C? (for j = 2,3,...,n)
are oo and z;;1 and the only non-separating vertices of Cl are 2o and 3.

In the next example we present a local tournament that is not a tournament
and has exactly two non-separating vertices, but is not isomorphic to €Y for j =
1,2,...,n (cf. Figure 3). It is a subdigraph of the tournament Q5.

Definition 3.3. Let Q% be the local tournament Qs — 42, where Qs 1s defined as
in Theorem 1.3.

Since i is a subdigraph of ()5, the vertices x; and x5 are the only non-
separating vertices of @} (cf. Remark 3.1).

3.2 Local tournaments with exactly two non-separating
vertices

In this subsection we characterize all local tournaments that have exactly two
non-separating vertices to be the exceptional cases of Subsection 3.1.

Theorem 3.4. Let D be a strong local tournament on n wvertices with at least
n + 2 arcs. Then D has exactly two non-separating vertices if and only if D s
isomorphic to Q%, Q, or CJ for an integer 1 < j < n.

Proof. Tt is easy to check that the local tournaments @,, Qi and CY for j =
1,2,...,n have only two non-separating vertices.

So let D be a strong local tournament on n vertices with at least n + 2 arcs
that is neither isomorphic to @,, nor to @ nor to CY for j =1,2,...,n. We shall
show by induction on n that D has at least three non-separating vertices. Note
that n > 4, since D has at least n + 2 arcs.

Induction basis. The only strong local tournament on n = 4 vertices is
isomorphic to ()4. So the proposition is valid for n = 4.



Inductive step. Let n > 5 be an integer. Let D be a strong local tournament
on n vertices with at least n 4 2 arcs that is neither isomorphic to ), nor to @
nor to CY for j = 1,2,...,n. Observe that D has at least n + 3 arcs, since D is
not isomorphic to CY for j = 2,3,...,n. In addition, since D is not isomorphic
to C!, it follows that D has at least three vertices with out-degree at least two.

If D is 2-connected, the local tournament D does not have any separating
vertices. So assume that D has a separating vertex s and let Dy, Ds, ..., D, be the
strong decomposition of D — s, where p > 2. Note that, according to Theorem 2.3,
the vertex s has an out-neighbor in D; and an in-neighbor in D,. By Lemma 2.2,
it follows that either s — Dy or that s has positive as well as negative neighbors
in D;. Analogously, either D, — s or s has negative as well as positive neighbors
in D,. We distinguish the following cases.

Case 1: Suppose that D, — s — D;.

If D—s has a strong component D; with at least three vertices, we conclude that
D —w is strong for every vertex v of D;. Hence D has at least three non-separating
vertices.

So assume that every strong component of D — s consists of exactly one vertex.
Let V(D;) = {a;} fori € {1,2,...,p=n=1}. Iif d"(z;) > 2 for an index i < n—1,
we conclude by Theorem 2.3 that z; — x5 (or @, o — sif i =n —2). Hence
D — x;yq is strong. Since D has at least three vertices with out-degree at least
two, we obtain that at least two vertices of {x,x3,...,2, 1} are non-separating
vertices of D. Now we consider the vertex s.

If d*(s) = 1, there exist three vertices z;, #;, Tx with out-degree at least two.
Due to our observations above, x;;1, ;41 and ;41 are non-separating vertices
of D.

So assume that df(s) > 2. Then either s — x5 or there exists an index
2 <i<n—3such that z; — s — ;.. In the first case D — x; is strong and we
are done. In the second case we distinguish the cases n =5 and n > 6.

If n = 5, we conclude that ¢ = 2 and the local tournament D is either isomor-
phic to )5 or to @i, a contradiction.

So assume that n > 6. If ¢« = 2, we conclude that x1 — x3 and that zo —

{z4, x5, ., xn_1}. Thelatter implies particularly that x3 — x5 and thus, xs, x3
and x4 are non-separating vertices of D. So assume that ¢ > 3. In this case 1 —
{x3,24, ..., 241} and x; — {212, Tiv3,. .., Ty_1}. The former implies particularly

that zo — x4 and therefore x5, x3 and x;,; are non-separating vertices of D. This
completes the proof of Case 1.

Case 2: Suppose that s 4 D; or D, / s. So s has in-neighbors in D; and D,
or out-neighbors in Dy and D,. It follows by Theorem 2.3 that D; — D; for all
indices ¢ < 7. Hence D — v is strong for every vertex v in D; with 2 <i <p — 1.

If |V(D;)|] > 3, let Cy be a Hamiltonian cycle of Dy and let i be an out-



neighbor of s in D;. Then C,[z],z;] is a Hamiltonian path of D; — x; and, since
Dy — D, it is easy to see that D — xy is strong. It follows that the number of
non-separating vertices of D in Dy is at least [Nt (s, D1)|. Analogously we can
show that if [V(D,)| > 3, the number of non-separating vertices of D in D, is at
least [N~ (s, D,)|.

If |V(Dy)| > 3 and x # y are two vertices of D; such that x is an out-neighbor
of s and Dy —y is strong, the vertex y is a non-separating vertex of D. Analogously
if |V(D,)| > 3 and v # w are two vertices of D, such that v is an in-neighbor of s
and D, — w is strong, the vertex w is a non-separating vertex of D.

Since s 4 D; or D, / s, we may assume, without loss of generality, that
|[V(D;)| > 3. Recall that there is at least one non-separating vertex of D in D,
and that every vertex v in D; with 2 < ¢ < p—1 is a non-separating vertex. So we
assume that p < 3 and Y27_} |[V/(D;)| < 1. It remains to consider the cases p = 3
and |V(D3)| = |V(D3)| = 1 (Subcase 2.1), p = 2 and |V (D3)| > 3 (Subcase 2.2)
and p =2 and |V(Dy)| =1 (Subcase 2.3).

Subcase 2.1: Suppose that p = 3 and |V (Dsg)| = |V (D3)| = 1. Let V(D) = {v}
and V' (D3) = {w}. Observe that D — v is strong, since D; — w.

Hence, if |[NT (s, D1)| > 2, two vertices of D; and v are non-separating vertices
of D. So assume that N* (s, D;) = {u}.

If v — s, the vertices v, w and at least one vertex of D; are non-separating
vertices of D. Hence s — v. Since Dy — Dy and s — v, it follows that (D; —u) —
S.

If |V(Dy)] = 3, it is easy to check that D is isomorphic to (g, a contradiction.
Therefore |V (Dy)| > 4.

Note that D; is a strong subtournament of D on at least four vertices. By
Corollary 1.2, the component D; has at least two non-separating vertices x and y.
If u ¢ {z,y}, the vertices z, y and v are non-separating vertices of D. So assume
that D; has exactly two non-separating vertices and u is one of them.

Let wjus . . . uy-su; be a Hamiltonian cycle of D;. By the induction hypothesis,
we conclude that D; is isomorphic to @,_3 and u € {uy,u,_3}. If w = u,_3, the
vertices ui, u,_4 and v are non-separating vertices of D. Hence u = u;. But
then D is isomorphic to @), as defined in Theorem 1.3 with v = z1, w = x5, s = 73
and x;,3 = u; fori=1,2,... n— 3, a contradiction.

Subcase 2.2: Suppose that p = 2 and |V(Dq)| > 3. If [N*(s,Dq)| > 2 (or
IN~ (s, Dq)| > 2), two vertices of Dy (of Dy) and a vertex of Dy (of D;) are non-
separating vertices of D. So assume that Nt (s, Dy) = {u} and N~ (s, Dy) = {v}.
Since N* (s, Dy) # 0 # N~ (s, Dy), it follows that (D; —u) — s — (Dy — v). Let
U Us . . . uup be a Hamiltonian cycle of Dy and let vyvs ... vv1 be a Hamiltonian
cycle of Ds.

If r = 3, note that D; is isomorphic to (3. We may assume, without loss of

10



generality, that {ug,us} — s — uy. Analogously, if ¢ = 3, the component D, is
isomorphic to ()3 and we may assume, without loss of generality, that v3 — s —
{v1,v2}.

Assume that » > 4. Then the component D; has at least two non-separating
vertices {x,y} by Corollary 1.2. If u ¢ {z,y}, the vertices z, y and a vertex
of Dy are non-separating vertices of D. Hence D; has exactly two non-separating
vertices and wu is one of them. By the induction hypothesis we conclude that D,
is isomorphic to @, and y € {uy,u,}. If u = u,, the vertices u;, u,_; and a vertex
of D5 are non-separating vertices of D. Therefore u = u;. Analogously, if ¢ > 4,

the component Ds is isomorphic to Q); with vertices vy, vo,...,v; and v = ;.
But then D is isomorphic to @),, as defined in Theorem 1.3 with x; = v; for
1=1,2,...,t, x;y1 = s and x;,0 = u; for e =1,2,... r, a contradiction.

Subcase 2.3: Suppose that p = 2 and |V(Dy)| = 1. Then the single vertex v of
D5 is a non-separating vertex of D.

If INt(s,Dy)| > 2, two vertices of D; and v are non-separating vertices of D.
So assume that Nt (s, Dy) = {u}. It follows that (D —u) ~ s. Let ujug. .. u, ou;
be a Hamiltonian cycle of D;.

If |V(Dy)| = 3, note that D; is isomorphic to (J3. Moreover, n = 5 and we
may assume, without loss of generality, that us = w;. If {ug, us} — s — uy, the
local tournament D is isomorphic to @5 and if u, and s are not adjacent, the local
tournament D is isomorphic to %, both cases contradict our assumption.

So assume that |V(D;)| > 4. In view of Corollary 1.2, the component D;
has at least two non-separating vertices z,y. If u & {z,y}, the vertices z, y
and v are non-separating vertices of D. Hence D; has exactly two non-separating
vertices and u is one of them. By the induction hypothesis we conclude that D,
is isomorphic to @, -9 and u € {uy,u, o}. If u = u,_o, the vertices uy, u,_3 and v
are non-separating vertices of D. Therefore u = wu;. It follows that (D; —u) — s.
But then D is isomorphic to (), as defined in Theorem 1.3 with z = 1, s = 29
and x;.0 =y; fori =1,2,...,n =2, a contradiction. This completes the proof of
this theorem. 0J

In view of Theorem 1.5, Theorem 1.3 is an immediate corollary of the above
theorem.

4 The number of cycles in local tournaments

In Section 3 we investigated the number of non-separating vertices of strongly
connected local tournaments and characterized all strongly connected local tour-
naments on n vertices with at least n + 2 arcs that have exactly two such vertices.
In other words we characterized all strongly connected local tournaments on n

11



vertices with at least n + 2 arcs that have exactly two cycles of length n — 1. We
reformulate Theorem 3.4 in these terms.

Theorem 4.1. Let D be a strong local tournament on n vertices with at least n+ 2
arcs. Then D has exactly two cycles of length n — 1 if and only if D is isomorphic
to Qn, Qf or CI for an integer 1 < j < n.

In this section we investigate Problem 1.7 and transfer Theorems 1.8 and 1.9
to the class of local tournaments.

4.1 Observations on the structure of local tournaments
that are not round-decomposable

By refining the proof of Theorem 2.7 we can show that a strongly connected local
tournament that is not a tournament has the following structure.

Theorem 4.2. Let D be a strong local tournament which is not a tournament and
not round-decomposable. Let S be a minimal separating set of D that satisfies the
conditions of Theorem 2.7. Then one of the following possibilities holds.

(a) There is a vertex s € S and vertices x1,xy € V(Dj) with &y — s — x5 and D
has a Hamiltonian cycle C' such that x1 s the predecessor of x5 on C;

(b) There is a vertex x € V(D)) and wvertices 1,89 € S with s, — x — s and D
has a Hamiltonian cycle C such that sy s the predecessor of sy on C.

Proof. Let S be a minimal separating set of D such that D— S is not a tournament,
DIS] is a tournament and the semicomplete decomposition of D — S has exactly
three components D}, Dj and Dj. Let a, 3, p and v be integers with A < a <
b<p—Tlandp+1<pu<v <p+qsuch that

N~(DayDy) % 0 and N* (Do, D,) # 0
or N~ (D, Ds) # 0 and N*(D,, Dg) # 0,

where Dy, Do, ..., D, and Dpi1, Dpio, ..., Dyyq are the strong decompositions of
D — S and DJ[S], respectively, and D, is the initial component of D). By sym-
metry we may assume, without loss of generality, that N~ (D,,D,) # 0 and
N (Dg, D,) #0. Let uand v be chosen such that v — p is minimal. Furthermore,
let 51 € V(D,), s2 € V(D,) and {x1,22} C V(D,) be vertices of D such that
s1 — x1 and zy — Sy (it is possible that s; = sy or x1 = x9).

If s1 4 Dy (Dy #+ $2), there exists a vertex z € V(D,,) such that z — s; — ™
(x — s — a), i.e. (a) holds. So assume that s; — D, — $s.
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If D, 4 D,, there exists a vertex z € V(D,) and a vertex s € V(D,) such
that s — = — s*, i.e. (b) holds. So assume that D, — D,,.

Analogously, if D, 4 D,, there exists a vertex z € V(D,) and a vertex
s € V(D,) such that x — s — 2™, i.e. (a) holds. So assume that D, — D,

If p+1 = v, note that s; — x; — sg for i = 1,2, i.e. (b) holds. So assume that
p+1 <wv. But then N (D,11,D,) # 0 or N*(D,1, D) # 0, both contradictions
to the choice of 1 and v. O

Using the structure obtained in Theorem 4.2, we can show the following lemma
which is a preparatory result for Theorem 4.5.

Lemma 4.3. Let D be a strong local tournament on n wvertices which is not a
tournament. If D s not round-decomposable, then D has n — 5 distinct vertices
V1, V2, ..., Un_5 such that for everyi=1,2,...,n—>5 the digraph D —v; is a strong,
not round-decomposable local tournament which is not a tournament.

Proof. Let S be a minimal separating set of D that satisfies the conditions of
Theorem 2.7. By Theorem 4.2, there exist integers a, 8, p and v with A < o <
f<p—1land p+1<pu<v<p-+qsuch that either

(a) there is a vertex s € S and vertices @1,z € V(D)) with 3 — s — 25 and D
has a Hamiltonian cycle C' such that 7 is the predecessor of x5 on C or

(b) there is a vertex x € V(D) and vertices s1,$2 € S with s; — 2 — s and D
has a Hamiltonian eycle C such that s; is the predecessor of sy on C,

where Dy, Do, ..., D, and Dpy1, Dpio, ..., Dyiq are the strong decompositions of
D —S and D[S], respectively, and D, is the initial component of D). By symmetry
we may assume, without loss of generality, that (a) holds.

In this case for every vertex v € (V(D5)US) —{s, z1, z2} the digraph D—v is a
strong local tournament which is not a tournament and not round-decomposable.
In addition, if [V (D})| > 3 for an index j € {1, 3}, then for every vertex v € V(D}),
the digraph D — v is a strong local tournament which is not a tournament and not
round-decomposable. O

4.2 A generalization of Las Vergnas’ Theorem

In this subsection we transfer Theorem 1.8 to the class of local tournaments.
Firstly we consider strongly connected local tournaments that are not round-
decomposable. The next example shows that Theorem 1.8 cannot be transferred
directly to the class of local tournaments (cf. Figure 4).
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Figure 4: A class of local tournaments with n — 3 cycles of length three.

Example 4.4. Let k > 1 be an integer and let D be the local tournament with
vertexr set

V={_stU{x; |i=1,2,....k}U{m, v} U{z}

and arc set
E={zz;|1<i<j<k}U{yiygppU{sz; |i=12,... k}
U{zy; | i=1,2,...,k j=12 U{yz | i=1,2}
U{zs} U{yis} U {sys}.
Then |V| =k + 4 and the number of cycles of length 3 in D is k+ 1= |V|— 3.

However we can show the following result. Note that every strongly connected
(local) tournament on less than five vertices is round-decomposable.

Theorem 4.5. Let D be a strong local tournament on n > 5 vertices that is not
round-decomposable. Then D has at least n.— r + 1 cycles of length r for every
4 <r<n.

Proof. We shall prove the proposition by induction on n.

Induction basis. Let m = 5. Since D is strong, it has a Hamiltonian cycle
by Theorem 2.1. Furthermore, since D is not round-decomposable, it has at least
n + 2 arcs. Then D has at least two cycles of length four by Theorem 1.5.

Inductive step. Let n > 6. If D is not a tournament, it has a vertex x
such that D — z is a strong local tournament that is not round-decomposable by
Lemma 4.3. If D is a tournament, it has a non-separating vertex x by Theorem 1.8.
By the induction hypothesis, the digraph D — z has at least (n — 1) — r + 1 cycles
of length r. Since D is either a tournament or a local tournament that is not
round-decomposable and not a tournament, it is vertex pancyclic by Theorem 1.8
or 1.13. It follows that there is a cycle of length r through x in D. Therefore D
has at least n — r + 1 cycles of length r. O

14



We now consider round-decomposable local tournaments.

Theorem 4.6. Let D be a strongly connected and round-decomposable local tour-
nament on n > 5 vertices with the round decomposition R[Dy, Ds, ..., D,|, where
p > 3. Let Cg be a shortest cycle of length g(D) in R. Then

(a) D has at least n —r 4 2 cycles of length r for every g(D) +2 <r <n—1;

(b) D has at least n — g(D) cycles of length g(D)+ 1 < n — 1 with equality if and
only if

(i) |V(D;)| =1 for every component D; € V(Cg);
(i) if D; € V(CR), then D — x is not strong for every vertex x € V(D;);
(iii) if D; ¢ V(CRr), then |V (D;)| < g(D).

Proof. Let
Cr=D1Dy, Dy, ... Dy, Dy

be a cycle of length g = ¢g(D) in R, where 1 < ay < a3 < ... < a,. The cycle Cg
induces a cycle
C = 51%0yTay - -+ Ta,T1

in D, where z; € V(D;). Note that every vertex v ¢ V(C) has a positive as well as
a negative neighbor on C. Let S be an arbitrary set of vertices such that v ¢ V(C)
for every vertex v € S. Then all vertices of S can be inserted in C' to construct a
cycle of length g(D) + | S| in D by Lemma 2.2. It follows that there are at least
("75;(17)) cycles of length g(D) + s in D, where 0 < s <n — g(D).
If2<s<n-—g(D)—1, we derive g(D)+2<g(D)+s=r<n-—1and

(n —g(D)

)Zn—g(D)Zn—r+2,
S

since g(D) +2 < r. So (a) is true.
If s =1, we deduce that D has at least

(n_f(D)) —n—g(D)

cycles of length g(D) + s = g(D) + 1. Note that all these cycles include at least
one vertex of every component D; € V(Cg). To prove (b) assume that one of the
conditions (i), (ii) or (iii) is not satisfied.
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Case 1. Suppose that [V (D;)| > 3 for a component D; of Cg. Then the cycle
Cr induces at least |V (D;)| cycles of length ¢(D) in D. Since |V (D;)|—1 < n—g(D)
and |V(D;)| > 3, it follows that there are at least

V(D)l(n— g(D) + 1= V(D)) + (iwfi)\)

— = g(D) + 1+ V(D)) - D — g(D) + 1) — LI VD)
V(DR + V(D)
2

>n—g(D)+ 14+ (|V(D;)| —1D|V(D;)| —

VD)V (D] = 3)
2

=n—g(D)+1+
>n—g(D)+1

cycles of length g(D)+ 1 in D.

Case 2. Suppose that D — x is strong for a vertex & € V(D;), where D; is a
component of Cgr. Then there exists a cycle of length g(D) + 1 in D that includes
no vertex of D;. Therefore there are at least n— g(D)+ 1 cycles of length g(D)+1
in D.

Case 3. Suppose that |V(D;)| > ¢g(D) + 1 for a component D; that is not on
Cr. Since D; induces a strong subtournament of D, the component D; is vertex
pancyclic by Theorem 1.1. In particular there exists a cycle of length g(D) + 1 in
D; and this cycle includes no vertex of D; for every component D; of Cr. Therefore
there are at least n — g(D) + 1 eycles of length g(D)+ 1 in D.

Assume now that the conditions (i)-(iii) are satisfied. In this case the cycle
Cr induces a unique cycle C' of length g(D) in D. Due to the conditions (i)-
(iii) there does not exist another cycle of length g(D) in D. Therefore a cycle of
length g(D)+ 1 in D consists of all vertices of C' and another (arbitrary) vertex
of D. It follows that D has exactly n — g(D) cycles of length g(D) + 1 and the
proof of this theorem is complete. U

As an abbrevation we give the following definition.

Definition 4.7. We define R* to be the class of strongly connected and round-
decomposable local tournaments that satisfy conditions (i)-(ii1) of Theorem 4.6.(b).

The following observations will be needed in the proof of Theorem 4.9.

Observation 4.8. Let T be a strong tournament on n > 5 vertices. Then T' has
the following properties.

(o) T &R
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(b) If y is a vertex of T such that T —y is strong, then T —y ¢ R*.

Proof. Note that (b) is a direct consequence of (a). To prove the latter, assume
that T' € R* is a round-decomposable tournament with the round decomposition
R[Dy, Dy, ...,Dyl. Then ¢g(T') = 3 and, since every vertex of R is on a 3-cycle,
we conclude that |V(D;)| = 1 for every component D; by Theorem 4.6.(b).(i).
This means that 7" = R. But now Theorem 4.6.(b).(ii) implies that every vertex
of T is a separating vertex. Using Corollary 1.2, we conclude that n = 3, a
contradiction. O

In the next theorem we characterize all local tournaments for which the in-
equality in Theorem 4.5 is sharp. The proof follows the ideas of Las Vergnas’
proof for tournaments [8].

Theorem 4.9. Let D be a strong local tournament on n > 5 vertices with at least
n + 2 arcs. If D is neither isomorphic to ), nor to Qi nor to a member of R*,
then D has at least n — r + 2 cycles of length r for every g(D) +1 <r <n —1.

Proof. Note that D is vertex g(D) + 1-pancyclic by Theorem 1.13. Furthermore,
if D is round-decomposable, it has at least n — r 4 2 cycles of length r for every
g(D)+1<r <n-—1by Theorem 4.6. So we assume for the remaining part of the
proof that D is not round-decomposable. We prove the proposition by induction
on n.

Induction basis. Let n = 5. We have to show that D has at least three cycles
of length four, in other words, that D has at least three non-separating vertices.
This has been proved in Theorem 3.4.

Inductive step. Let n > 6. Note that D has at least n — (n — 1) +2 = 3
cycles of length n.— 1 by Theorem 3.4. Recall that if D is not a tournament, it
has at least n — 5 > 1 non-separating vertices whose removal yields a strongly
connected local tournament that is neither round-decomposable nor a tournament
(cf. Lemma 4.3). If D is a tournament, it has at least three non-separating
vertices by Theorem 3.4. Note that if y is one of these vertices, then D —y & R*
by Observation 4.8.

Now let x be a non-separating vertex that has the above properties.

Case 1: Suppose that D —z is neither isomorphic to (),,—; nor to Q). Then, by
the induction hypothesis, D — z has (n — 1) —r+2 =n —r + 1 cycles of length r
for (D —z)+1<r <n-—2. Since g(D —z) = g(D) = 3 and D has a cycle of
length r through x, the proof is complete in this case.

Case 2: Suppose that Case 1 does not hold, but D —x = Q,,—1 or D —x = ()
and that D has two cycles of length r through z. Recall that Q),,—; and ()} have
exactly (n — 1) —r+ 1 =n —r cycles of length r for 4 <r <n —2. Then D has
n —r + 2 cycles of length r and the proof of this case is complete.
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Case 3: Suppose that neither Case 1 nor Case 2 holds, but D —z = @), or
D — x = )t and that D has exactly one cycle of length r through x. We consider
two subcases depending on n.

Case 3.1: Suppose that n > 8. If D is not a tournament, it has three vertices
u, v, w such that D —u, D —v and D —w are strongly connected local tournaments
that are neither round-decomposable nor tournaments (cf. Lemma 4.3). If D is a
tournament, it has three non-separating vertices u, v, w by Theorem 3.4.

We assume that D —y = @Q,,_; for every vertex y € {u,v,w} and that there is
exactly one cycle of length r in D through each of the vertices u, v, w.

Let {y1,92,...,Yn_1} be the vertex set of D — u such that y; — y;41 and
yr — y; and let {21, 22, ..., 2,1} be the vertex set of D — v such that z; — 244
and 2z, — zjfor 1 <i <n-2and1 < j <k <n-1withj #k+ 1
Note that the only vertices that belong to exactly one cycle of length r in D — u
and D — v are {y1,yn_1} and {21, 2,1}, respectively. It follows that {v,w} =
{v1,Yn—1} and {u,w} = {z1,2,-1}. Let, without loss of generality, y; = v and
Yn—1 = w. Since d~(w, D —u) = 1, it follows that d~ (w, D — v) < 2. In addition,
since d” (21, D —v) = n —3 > 2, it follows that z; = u and z,.; = w. Since
d*(ye, D — u) = 1, it follows that d~ (ys; D — v) < 2. The latter implies that
Y2 € {22, 23}

Case 3.1.1: Suppose that y, = z3. Note that v is dominated by V(D) — {u, 32}
and dominates yo. It follows that vzzzy... 2,200 and vz3z4 ... 2121200 are two
cycles of length r through v, a contradiction.

Case 3.1.2: Suppose that y» = 2z5. Note again that v is dominated by V(D) —
{u,y2} and dominates yo. Since D is a local tournament, it follows that z; =
u and v are adjacent. If v is dominated by w, the cycles vzs23...2,_121v and
V2923 ...2v are two eycles of length r through v, a contradiction. So assume
that v dominates u. But then vzi29...2,._1v and vzy23... 20 are two cycles of
length r through v, again a contradiction.

Case 3.2: Suppose that n € {6,7}. We assume that D —z = @Q,,_; or D —
r =  and that there is exactly one cycle of length 7 in D through x. Let
{y1,Y2,- .., Yn—1} be the vertex set of D — z such that y; — ;41 and y, — y; for
1<i<n—-2and1<j<k<n-—1withj#k+1(if D—x = Q} there is
no arc between ys and g4). Since D is strong, the vertex = has at least one out-
and one in-neighbor in D — z. It follows that there exists an index 1 < i < n such
that y; — © — y;41. By Theorem 3.4 we may assume that r < n — 2. Hence we
consider three remaining cases.

Case 3.2.1: Suppose that r = 4 and n = 6. We show that there exist two
cycles of length four through x without using the arc y,y>. Note that the case
1 =1and i =4 as well as the cases i = 2 and 7 = 3 are symmetrical.

If i = 1, the cycle xysysyix is a 4-cycle through z. In addition, since {z,y5} —

18



1o, the vertices x and y5 are adjacent. If x — ys, the cycle xysysyix is a second 4-
cycle through z, a contradiction. So assume that y5 — x. Then, since y5 — {z,ys3},
the vertices x and y3 are adjacent. If x — y3, the cycle zysyysx is a second 4-
cycle through x, a contradiction. So assume that y3 — x. Since y3 — {x, 34}, the
vertices x and y, are adjacent. If y, — x, the cycle xy ysysx is a second 4-cycle
through x and if x — w4, the cycle zy,ysy1x is a second 4-cycle through x, both
possibilities are contradictions.

If i = 2, the cycle xysyiy2x is a 4-cycle through z. In addition, since {z,y5} —
Y3, the vertices x and y5 are adjacent. If x — y5, the cycle xysy y2x is a second
4-cycle through x and if y5 — x, the cycle xysysysx is a second 4-cycle through =,
both possibilities are contradictions.

If i = 5, there is an arc between x and each of the vertices y; for j = 2, 3,4,
since {@,y3,ya} — y1 and ys — {z,yo}. If @ — {2, y3, ya} or if {y2, ys, 4} — x,
the local tournament D is isomorphic to Qg, a contradiction. If y4 — = = {y2, y3}
orif {ys, ys} — x — yo, the cycle xysysysx is a 4-cycle through z. A second eycle of
length four is given by xy3y,ysx and xyiy-y3z, respectively, again a contradiction.
Since we have now considered all possible cases, the proof of Case 3.2.1 is complete.

Case 3.2.2: Suppose that » = 4 and n = 7. Note that the cases i = 1 and
1 = 5 are symmetrical.

If 2 <4 <4, the cycles xy; 1y 1y;¢ and 2y, 11y 0y;¢ are two cycles of length
four through z, a contradiction.

If i = 1, the cycle xysysyix is a 4-cycle through z. In addition, since {z,y,} —
Yo, the vertices x and y4 are adjacent. If x — y,, the ¢ycle zy ysy 1z is a second
4-cycle through z and if y4 — x, the cycle zysysysz is a second 4-cycle through =z,
both possibilities are contradictions.

If ¢+ = 6, there is an arc between x and each of the vertices y; for j =
2,3,4,5, since {x,ys,ys} — 1 and yg — {x,90,y3}. If = — {y2,y3,v4,ys5} or
if {yo2,y3,Yayys} — @, the digraph D is isomorphic to @7, a contradiction. If
ys — = — {Yo2, Y3,44}, the cycles zysysysx and zysysysr are two cycles of length
four through z; if {ys, y4,y5} — & — s, the cycles xysyzysz and xy,y2ysz are two
cycles of length four through z; and if {y4, ys} — * — {y2, y3}, the cycles xysysysz
and xysysysx are two cycles of length four through x. Thus, all three possibilities
yield a contradiction. Since we have now considered all possible cases, the proof
of Case 3.2.2 is complete.

Case 3.2.3: Suppose that r = 5 and n = 7. Note that the cases ¢ = 1 and
1 = 5 are symmetrical.

If i = 1, the cycle zyoysy4y1x is a 5-cycle through . In addition, since {z, y5} —
Yo, the vertices x and ys are adjacent. If y5 — x, the cycle xysysysysx is a second
5-cycle through x and if x — ys5, the cycle xysysysy; 2 is a second 5-cycle through .
Both possibilities yield a contradiction.
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If © = 2, the cycles xysysy1y2x and xysysysy.x are two cycles of length five
through x, a contradiction.

If i € {3,4}, the cycles xyi1yi_2yi—1yix and xy;1Yir2yi— 1y are two cycles of
length five through z, a contradiction.

If ¢+ = 6, there is an arc between x and each of the vertices y; for j =
2,3,4,5, since {z,y4,y5} — w1 and ys — {z,v2,y3}. If © — {yo,y3,4,95} or
if {y2,y3,v1,ys} — x, the local tournament D is isomorphic to @7, a contra-
diction. If y5 — = — {yo,ys,va} or if {ys,ys} — = — {y2,9s}, the cycles
TYoy3yaysx and xysysysysx are two cycles of length five through z, a contradiction.
If {ys,vs,ys} — * — yo, the cycles xysysysysx and xy1y2ysysx are two cycles of
length five through x, again a contradiction. Since we have now considered all
possible cases, the proof of Case 3.2.3 and therefore the proof of this theorem is
complete. O

We would like to add the following remark.

Remark 4.10. Let D be a strong local tournament that s not round-decomposable
and not a tournament. If D does not fulfill the conclusion of Theorem 4.9, then
D s isomorphic to Q%.

As a corollary of Theorems 4.6 and 4.9 we derive Theorem 1.9.

Corollary 4.11 (Las Vergnas [8] 1975). Let T' be a strong tournament on n > 5
vertices. Then T has at least n — r + 2 cycles of length r for every 4 <r <mn —1
unless T is isomorphic to (),,.
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