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Abstract

A digraph D is arc-traceable if for every arc xy of D, the arc xy belongs to
a directed Hamiltonian path of D. A local tournament is an oriented graph
such that the negative neighborhood as well as the positive neighborhood of
every vertex induces a tournament. It is well known that every tournament
contains a directed Hamiltonian path and, in 1990, Bang-Jensen showed
the same for connected local tournaments. In 2006, Busch, Jacobson and
Reid studied the structure of tournaments that are not arc-traceable and
consequently gave various sufficient conditions for tournaments to be arc-
traceable. Inspired by the article of Busch, Jacobson and Reid, we develop
in this paper the structure necessary for a local tournament to be not arc-
traceable. Using this structure, we give sufficient conditions for a local
tournament to be arc-traceable and we present examples showing that these
conditions are best possible.

1 Terminology and introduction

For a digraph D, we denote by V (D) and E(D) the vertex set and arc set of D,
respectively. The number |V (D)| is the order of the digraph D. The subdigraph
induced by a subset A of V (D) is denoted by D[A].

If xy ∈ E(D), then y is a positive neighbor or out-neighbor of x and x is a
negative neighbor or in-neighbor of y, and we also say that x dominates y and that
y is dominated by x, denoted by x → y. More generally, if A and B are two disjoint
subdigraphs of a digraph D such that every vertex of A dominates every vertex
of B, then we say that A dominates B and that B is dominated by A, denoted
by A → B. Furthermore, A  B denotes the fact that there is no arc leading
from B to A and at least one arc is leading from A to B. In this case we also say
that A weakly dominates B. The outset N+(x) of a vertex x is the set of positive
neighbors of x. More generally, for arbitrary subdigraphs A and B of D, the
outset N+(A, B) is the set of vertices in B to which there is an arc from a vertex
in A. The insets N−(x) and N−(A, B) are defined analogously. The numbers
d+(x) = |N+(x)| and d−(x) = |N−(x)| are called outdegree and indegree of x,
respectively. The minimum outdegree δ+(D) and the minimum indegree δ−(D)
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of D are given by min {d+(x)|x ∈ V (D)} and min {d−(x)|x ∈ V (D)}, respectively.
Furthermore, let δ(D) denote the minimum of δ+(D) and δ−(D).

Throughout this paper, directed cycles and paths are simply called cycles and
paths. The length of a cycle C or a path P is the number of arcs included in C
or P . Let C[xi, xj ], where 1 ≤ i, j ≤ k, denote the subpath xixi+1 . . . xj of C
with initial vertex xi and terminal vertex xj . Furthermore, if x is a vertex of C,
then x+

C denotes the successor of x on C. The predecessor of a vertex x is defined
analogously. If no confusion arises, x+ and x− will be used to denote x+

C and x−

C .
The notations for paths are defined analogously.

A digraph D is arc-traceable if every arc xy of D belongs to a path of order
|V (D)|, i.e., a Hamiltonian path.

All digraphs mentioned here are finite without loops, multiple arcs and cycles
of length two.

We speak of a connected digraph if the underlying graph is connected. A
digraph D is said to be strongly connected or just strong, if for every pair x, y of
vertices of D, there is a path from x to y. A strong component of D is a maximal
induced strong subdigraph of D. A digraph D is k-connected if for any set S of at
most k − 1 vertices the subdigraph D − S is strong. If D is a strong digraph and
S is a subset of V (D) such that D− S is not strong, we say that S is a separating
set. We speak of a separating vertex s if S = {s} is a separating set of size one.
A separating set S is called minimal separating set (minimum separating set) if
there exists no separating set U such that U ⊆ S and U 6= S (|U | < |S|).

An n-tournament is an orientation of a complete undirected graph with order
n. A local tournament is a digraph where the inset as well as the outset of every
vertex induces a tournament and an in-tournament is a digraph where the inset
of every vertex induces a tournament.

A tournament T is called regular if δ(T ) = ∆(T ) and almost-regular if ∆(T )−
δ(T ) ≤ 1.

The following class of digraphs plays an important role in the study of local
tournaments. A digraph on n vertices is called a round digraph if we can label its
vertices v1, v2, . . . , vn such that N+(vi) = {vi+1, vi+2, . . . , vi+d+(vi)} and N−(vi) =
{vi−1, vi−2, . . . , vi−d−(vi)} for every i, where the subscripts are taken modulo n. We
refer to v1, v2, . . . , vn as a round labeling of D. A local tournament D is round-
decomposable if there exists a round local tournament R on r ≥ 2 vertices and
strong local subtournaments H1, H2, . . . , Hr of D such that D = R[H1, H2, . . . , Hr].
We call R[H1, H2, . . . , Hr] a round decomposition of D.

Throughout this paper all subscripts are taken modulo the corresponding num-
ber.

In 1990, Bang-Jensen [2] defined local tournaments to be the family of oriented
graphs where the inset as well as the outset of every vertex induces a tournament.
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In transferring the general adjacency only to vertices that have a common positive
or a common negative neighbor, local tournaments form an interesting generaliza-
tion of tournaments. Since then a lot of research has been done concerning local
tournaments, or the more general class of locally semicomplete digraphs, where
there might be cycles of length two. In particular, the Ph.D. theses of Guo [9]
and Huang [11] handeled this subject in detail. For more information concerning
different generalizations of tournaments, the reader may be referred to the survey
article of Bang-Jensen and Gutin [3].

In claiming adjacency only for vertices that have a common positive neigh-
bor, Bang-Jensen, Huang and Prisner [4] introduced a further generalization of
local tournaments, the class of in-tournaments. Some problems concerning in-
tournaments have been studied by Bang-Jensen, Huang and Prisner in their initial
article [4].

In this paper, we develop the structure necessary for a local tournament D to
contain an arc that does not belong to a Hamiltonian path. Using this structure,
we give sufficient conditions for a local tournament to be arc-traceable. In addition
we give examples that show that these conditions are best possible.

The first result concerning Hamiltonian paths in digraphs is due to Rédei [15]
who showed that every tournament contains a Hamiltonian path.

Theorem 1.1 (Rédei [15] 1934). Every tournament contains a Hamiltonian path.

In 1990, Bang-Jensen [2] showed the same for connected local tournaments. In
1960, a first sufficient condition was given for a digraph to contain a Hamiltonian
cycle (and thus, in particular a Hamiltonian path).

Theorem 1.2 (Ghouila-Houri [8] 1960). If D is a digraph such that δ(D) ≥
|V (D)|/2, then D contains a Hamiltonian cycle.

Moon [14] proved that every vertex in a strongly connected tournament belongs
to cycles of arbitrary lengths.

Theorem 1.3 (Moon [14] 1966). A tournament T is strongly connected if and
only if T is vertex-pancyclic.

Weaker results were shown by Camion [7] in 1959 and by Harary and Moser
[10] in 1966.

Theorem 1.4 (Camion [7] 1959). A tournament T is strongly connected if and
only if T is Hamiltonian.

Theorem 1.5 (Harary & Moser [10] 1966). A tournament T is strongly connected
if and only if T is pancyclic.
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In 1990, Bang-Jensen [2] extended the result of Camion to local tournaments.
The result was further extended to in-tournaments by Bang-Jensen, Huang and
Prisner [4] in 1993.

Theorem 1.6 (Bang-Jensen, Huang & Prisner [4] 1993). An in-tournament D is
strongly connected if and only if D is Hamiltonian.

Since tournaments are known to have a Hamiltonian path and strong tour-
naments have Hamiltonian cycles, it is a natural question to ask under which
conditions every arc of a given tournament is part of a Hamiltonian path or cycle.
In fact, the condition that every arc belongs to a cycle of length k for every integer
3 ≤ k ≤ n was introduced as arc-pancyclicity and the following results were given.

Theorem 1.7 (Alspach [1] 1967). Every regular tournament is arc-pancyclic.

Theorem 1.8 (Jakobsen [12] 1972). Every arc of an almost-regular n-tournament,
where n ≥ 8, is contained in a cycle of length k for every 4 ≤ k ≤ n.

Theorem 1.9 (Thomassen [16] 1980). If T is an n-tournament with ∆(T )−δ(T ) ≤
(n−3)/5, then every arc of T is contained in a cycle of length k for every 4 ≤ k ≤ n.

In contrast to arc-pancyclicity the question of arc-traceability was not ad-
dressed. In 2006, Busch, Jacobson and Reid [6] studied the structure of tourna-
ments that are not arc-traceable and consequently gave various sufficient conditions
for tournaments to be arc-traceable. They proved the following result.

Theorem 1.10 (Busch, Jacobson & Reid [6] 2006). If T is a strong tournament
with an arc xy that is not on a Hamiltonian path, then

(a) there exists a vertex z such that T − z is not strong;

(b) T − z has p ≥ 4 strong components;

(c) x is in the initial strong component of T − z and y is in the terminal strong
component of T − z;

(d) z is dominated by the 2nd strong component of T − z and z dominates the
(p − 1)st strong component of T − z.

Inspired by the article of Busch, Jacobson and Reid, we develop in this paper
the structure necessary for a local tournament to be not arc-traceable. In par-
ticular, we transfer Theorem 1.10 to the class of local tournaments. Using this
structure, we give sufficient conditions for a local tournament to be arc-traceable
and we present examples showing that these conditions are best possible.
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2 Preliminary results

The results in this section will be frequently used in our proofs. For strong, but
not 2-connected local tournaments, Volkmann [17] showed the following.

Theorem 2.1 (Volkmann [17] 2000). Let u be a vertex of a strong local tournament
such that D−u is not strong. If D1, D2, . . . , Dp is the strong decomposition of D−u,
then the arcs from Di to Di+1 for 1 ≤ i ≤ p−1 and the arcs in Di for 2 ≤ i ≤ p−1
are contained in a Hamiltonian path of D.

The next result is a simple, but powerful observation on the interaction of a
cycle and an external vertex.

Lemma 2.2 (Bang-Jensen [2] 1990). Let D be a local tournament containing a
cycle C = u1u2 . . . uku1. If there exists a vertex v ∈ V (D) − V (C) such that
N+(v, C) 6= ∅ (or N−(C, v) 6= ∅), then either v → C (C → v, respectively) or
ui → v → ui+1 for some integer 1 ≤ i ≤ k, i.e., there exists a cycle C ′ in D such
that V (C ′) = V (C) ∪ {v}.

This lemma as well as Theorem 1.4 for local and in-tournaments is useful for
the analyzation of the structural properties of local and in-tournaments

Theorem 2.3 (Bang-Jensen [2] 1990). Let D be a strong local tournament let S
be a minimal separating set of D.

(a) If A and B are two distinct strong components of D − S, then either there is
no arc between them or A dominates B or B dominates A;

(b) If A and B are two distinct strong components of D−S such that A dominates
B, then D[A] and D[B] are tournaments;

(c) The strong components of D−S can be ordered in a unique way D1, D2, . . . , Dp

such that there are no arcs from Dj to Di for j > i, and Di dominates Di+1

for i = 1, 2, . . . , p − 1.

An analogous result was given by Bang-Jensen, Huang and Prisner for in-tour-
naments.

Theorem 2.4 (Bang-Jensen, Huang & Prisner [4] 1993). Let D be a strong in-
tournament and let S be a minimal separating set of D.

(a) If A and B are two distinct strong components of D − S, either there is no
arc between them or A weakly dominates B or B weakly dominates A. Fur-
thermore, if A weakly dominates B, the set N−(B, A) dominates B.
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(b) If A and B are two distinct strong components of D − S such that A weakly
dominates B, the set N−(b, A) induces a tournament for every b ∈ B.

(c) The strong components of D−S can be ordered in a unique way D1, D2, . . . , Dp

such that there are no arcs from Dj to Di for j > i, and Di has an arc to Di+1

for i = 1, 2, . . . , p − 1.

According to Theorems 2.3 and 2.4, the following definition was given.

Definition 2.5. Let D be a strong local or in-tournament and let S be a mini-
mal separating set of D. Then the unique sequence D1, D2, . . . , Dp as defined in
Theorems 2.3 and 2.4, respectively, is called the strong decomposition of D − S.
Furthermore, we call D1 the initial strong component and Dp the terminal strong
component of D − S.

The following results are immediate by Theorems 2.3 and 2.4, respectively.

Theorem 2.6 (Bang-Jensen [2] 1990). Let D be a strong local tournament and let
S be a minimal separating set of D. The strong decomposition of D − S has the
following properties.

(a) If xi → xj for xi ∈ V (Di) and xj ∈ V (Dj) with 1 ≤ i 6= j ≤ p, then Dk → Dl

for every i ≤ k < l ≤ j.

(b) The digraph D − S has a Hamiltonian path.

(c) For every s ∈ S we have d+(s, D1) > 0 and d−(s, Dp) > 0.

Theorem 2.7 (Bang-Jensen, Huang & Prisner [4] 1993). Let D be a strong in-
tournament and let S be a minimal separating set of D. The strong decomposition
of D − S has the following properties.

(a) If xi → xk for xi ∈ V (Di) and xk ∈ V (Dk) with 1 ≤ i 6= k ≤ p, then xi → Dj

for every i + 1 ≤ j ≤ k.

(b) The digraph D − S has a Hamiltonian path.

(c) For every s ∈ S we have d+(s, D1) > 0 and d−(s, Dp) > 0.

The next result summarizes some useful observations regarding the order of a
digraph.

Lemma 2.8. Let D be a digraph of order n without cycles of length two and let
r ≥ 1 be an integer.

(a) If d−(x) + d+(y) ≥ r for every arc xy of D, then n ≥ r + 1;

6



11
 D

ec
em

be
r 2

00
7

FIN
AL D

RAFT

(b) If δ+(D) ≥ r or δ−(D) ≥ r, then n ≥ 2r + 1;

(c) If δ+(D) ≥ r and there exists a vertex x ∈ V (D) such that d+(x) ≥ r + 1 or if
δ−(D) ≥ r and there exists a vertex x ∈ V (D) such that d−(x) ≥ r + 1, then
n ≥ 2r + 2.

3 Sufficient criteria for arc-traceability

In this section we give various criteria for a strong local tournament to be arc-
traceable.

3.1 Sufficient criteria for arc-traceability in terms of (local)
connectivity

We begin with local tournaments that are not strongly connected.

Observation 3.1. Let D be a connected, but not strongly connected local tour-
nament with the strong decomposition D1, D2, . . . , Dp, where p ≥ 2. Then D is
arc-traceable if and only if each of the strong components is arc-traceable and there
exists no arc leading from Di to Dj for j ≥ i + 2.

As a result of this observation, we can now focus on strongly connected local
tournaments. For in-tournaments the following result is obvious by Theorem 1.6.

Observation 3.2. If D is a strong in-tournament and u is not a separating vertex
of D, then every arc incident with u belongs to a Hamiltonian path of D.

As immediate consequences we obtain the following corollaries.

Corollary 3.3. If D is a 2-connected in-tournament, then D is arc-traceable.

Corollary 3.4 (Busch, Jacobson & Reid [6] 2006). If T is a strong tournament
and u is not a separating vertex of T , then every arc incident with u belongs to a
Hamiltonian path of T .

Corollary 3.5 (Busch, Jacobson & Reid [6] 2006). If T is a 2-connected tourna-
ment, then T is arc-traceable.

Using Theorem 2.4, we can show the following proposition.

Theorem 3.6. If D is a strong in-tournament with the property that there exist
at least two internally vertex disjoint paths from y to x for every arc xy, then D
is arc-traceable.
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Proof. Let x be an arbitrary vertex of D. By Observation 3.2 it suffices to show
that x is not a separating vertex of D. So assume that D−x is not strong and let
D1, D2, . . . , Dp be the strong decomposition of D − x, where p ≥ 2. Let uv be an
arc of D such that u ∈ V (D1) and v ∈ V (D2). Then all paths from v to u include
the vertex x, a contradiction to our assumption.

In particular we derive the following result.

Corollary 3.7 (Busch [5] 2005). If T is a tournament with the property that there
exist at least two internally vertex disjoint paths from y to x for every arc xy, then
T is arc-traceable.

Busch, Jacobson and Reid [6] showed that in tournaments this property applies
locally as well.

Theorem 3.8 (Busch, Jacobson & Reid [6] 2006). Let T be a strong tournament
and let xy ∈ E(T ) be an arc of T such that there exist two internally vertex disjoint
paths from y to x in T . Then there exists a Hamiltonian path through xy in T .

However, the following example shows that Theorem 3.8 is no longer valid for
local tournaments.

Example 3.9. Let T be an arbitrary tournament and let T ′ be a tournament on
at least two vertices. We define the local tournament D by the vertex set

V (D) = V (T ) ∪ V (T ′) ∪ {x, y}

and the edge set

E(D) =E(T ) ∪ E(T ′) ∪ {xy} ∪ {xv | v ∈ V (T )} ∪ {vy | v ∈ V (T )}∪

{wx | w ∈ V (T ′)} ∪ {yw | w ∈ V (T ′)}.

Then there exist two internally vertex disjoint paths from y to x in D, but there is
no Hamiltonian path through xy in D.

Note that every local tournament D as defined in Example 3.9 has the following
two properties. Firstly, the vertices x and y are the only separating vertices of D
and, secondly, there is no arc between the internal vertices of every longest path
P from y to x and D −P . The next results show that these properties are indeed
necessary for an arc xy to be not traceable.

Theorem 3.10. Let D be a strong local tournament with at least three separating
vertices and let xy be an arc of D such that there exist at least two (internally)
vertex disjoint paths from y to x in D. Then there exists a Hamiltonian path of D
that includes the arc xy.

8
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Proof. Let z /∈ {x, y} be a separating vertex of D. Since there are at least two
(internally) vertex disjoint paths from y to x in D, the vertices x and y are in the
same strong component of D− z. Let D1, D2, . . . , Dp be the strong decomposition
of D−z, where p ≥ 2. According to Theorem 2.1, every arc in Di for 2 ≤ i ≤ p−1
belongs to a Hamiltonian path of D. Hence we may assume that xy ∈ E(Di) for
an index i ∈ {1, p}. By symmetry we may assume, without loss of generality, that
i = 1.

Case 1: Suppose that there exists only one (internally) vertex disjoint path
from y to x in D1. Then every pair P1, P2 of (internally) vertex disjoint paths
from y to x in D has the property that z ∈ V (P1) and V (P2) ⊆ V (D1) or that
z ∈ V (P2) and V (P1) ⊆ V (D1) . We may assume, without loss of generality, that
the latter assumption holds. Assume now that we have chosen a pair P1, P2 of
(internally) vertex disjoint path from y to x in D under the following conditions:

A. the successor of y on P2 is not in D1,

B. under condition A: |V (P1)| + |V (P2)| is maximal.

It follows by condition B that V (D)−V (D1) ⊆ V (P2). Let R = V (D)− (V (P1)∪
V (P2)) be the set of the remaining vertices. Since R induces a tournament in
D, there exists a Hamiltonian path Q of D[R] (cf. Theorem 1.1). Therefore D
contains the Hamiltonian path

QP2[y
+, x]P1[y, x−]

through xy.
Case 2: Suppose that there exist two (internally) vertex disjoint paths from y

to x in D1. Let P1 = yu1u2 . . . usx and P2 = yw1w2 . . . wtx be two such paths such
that

|V (P1)| + |V (P2)| ≥ |V (P ′

1)| + |V (P ′

2)|

for any pair P ′

1, P ′

2 of (internally) vertex disjoint paths from y to x in D1. Let
U = {u1, u2, . . . , us}, W = {w1, w2, . . . , wt} and let R = V (D1)− (V (P1)∪ V (P2))
be the set of the remaining vertices in D1. If R = ∅, the path

P1[u1, x]P2[y, wt]

is a Hamiltonian path of D1 through xy and thus, xy is also on a Hamiltonian
path of D. So assume that R 6= ∅ and let Q = q1q2 . . . qr be a Hamiltonian path
of D[R]. If qr → u1 or qr → w1, the arc xy is on the Hamiltonian path

QP1[u1, x]P2[y, wt] or QP2[w1, x]P1[y, us]

of D1 and thus, xy is also on a Hamiltonian path of D. So {u1, w1} → qr. Let
i = min{j | N−(qj , U ∪W ) 6= ∅} be the minimal index such that qi has a negative

9
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neighbor in U ∪ W and let j1 = max{j | uj → qi} and j2 = max{j | wj → qi} be
the maximal indices such that {uj1, wj2} → qi. If j1 < s, the path

P1[u1, uj1]qiP1[uj1+1, us]

together with P2 yields a contradiction to the choice of P1 and P2 and if j2 < t,
the path

P2[w1, wj2]qiP2[wj2+1, wt]

together with P1 yields a contradiction to the choice of P1 and P2. So assume that
j1 = s and j2 = t. It follows that

Q[q1, qi−1]P1[u1, x]P2[y, wt]Q[qi, qr]

is a Hamiltonian path of D1 through xy and thus, xy is also on a Hamiltonian
path of D.

Theorem 3.11. Let D be a strong local tournament and let xy be an arc of D
such that there exist at least two (internally) vertex disjoint paths from y to x in
D. If there is a longest path P from y to x in D such that D has an arc between
an internal vertex of P and D−P , then there exists a Hamiltonian path of D that
includes the arc xy.

Proof. Suppose that the arc xy is not traceable. Then both x and y are separating
vertices of D by Observation 3.2. By Theorem 3.10 we may assume, that D − z is
strong for every vertex z /∈ {x, y}. Let D1, D2, . . . , Dp be the strong decomposition
of D − x, where p ≥ 2. Since xy is not traceable, we conclude that y /∈ V (D1).
Note that if y belongs to Di, all paths from y to x are subdigraphs of D[V (Di) ∪
V (Di+1)∪. . .∪V (Dp)]. Let P be a path from y to x in D that fulfills the assumption
of this theorem.

If 2 ≤ i ≤ p − 1, then P contains all vertices of Di, Di+1, . . . , Dp. It follows
that either there is an arc between a component Dr and a component Ds, where
1 ≤ r < i < s ≤ p, or |V (Di)| ≥ 3 and there is an arc between a component Dr

and Di − {y}, where r < i. Both possibilities contradict the assumption that y is
a separating vertex of D.

So assume that i = p. Let P1 and P2 be two (internally) vertex disjoint
paths from y to x such that |V (P1)| + |V (P2)| ≥ |V (P ′

1)| + |V (P ′

2)| for every pair
P ′

1, P
′

2 of (internally) vertex disjoint paths from y to x. Let P1 = yu1u2 . . . usx,
P2 = yw1w2 . . . wtx and let R = V (Dp) − (V (P1) ∪ V (P2)) be the set of the
remaining vertices of Dp. If R = ∅, the path

D1D2 . . . Dp−1P1[u1, x]P2[y, wt]

10
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contradicts the assumption that xy is not traceable. So assume that R 6= ∅ and
let A1, A2, . . . , Aq be the strong decomposition of D[R], where q ≥ 1. If there is
an arc usv from us to A1, let Q be a Hamiltonian path of D[R] that begins in v.
Then

D1D2 . . .Dp−1P2[w1, x]P2[y, us]Q

is a Hamiltonian path of D through xy, again a contradiction. Hence A1 → us.
Let y = u0. If there is a vertex v ∈ V (A1) that has an in-neighbor on P1[y, us],
let i = max{j | uj → v} be the maximal index with ui → v. But then

P1[y, ui]vP1[ui+1, x]

and P2 are two (internally) vertex disjoint paths from y to x that contradict the
choice of P1 and P2. Therefore A1 → P1[y, us]. Analogously we can show that
A1 → P2[y, wt]. So all in all we obtain A1 → (Dp − A1), a contradiction to the
assumption that Dp is strong. This final contradiction completes the proof of the
theorem.

In combining Theorems 3.10 and 3.11 we derive Theorem 3.8 as an immediate
corollary.

3.2 Sufficient criteria for arc-traceability in terms of cycle
lengths

In this subsection we show that the property that an arc of a strong local tourna-
ment D belongs to a cycle of length more than (|V (D)|+ 1)/2 is sufficient for this
arc to be traceable under an additional assumption. We begin with a preparatory
result.

Lemma 3.12. Let D be a strong local tournament and let xy be an arc of D. If P
is a longest path from y to x in D, then P can be extended to a Hamiltonian cycle
of D.

Proof. Let P be a longest path from y to x and let

C = u1u2 . . . usv0v1 . . . vru1,

where s ≥ 1 and r ≥ 0, be a longest cycle that includes P , i.e. u1 = y, us = x and
P = u1u2 . . . us. Now assume that V (C) 6= V (D) and let v /∈ V (C) be a vertex
that does not belong to C. If v has both an out- and an in-neighbor on C, it can
be inserted in C by Lemma 2.2, a contradiction to either the choice of P or C. It
follows that the vertex set V (D)− V (C) can be partitioned in X+ ∪X− ∪ X̃ such
that X− → C → X+ and the vertices of X̃ have neither out- nor in-neighbors

11
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on C. Since D is strong, we conclude that X+ 6= ∅ and X− 6= ∅. Now let w ∈ X+

be a vertex that dominates C and let Q = w0w1 . . . wt be a shortest path from C
to w = wt, where t ≥ 2. Let w+

0 and w−

0 be the successor and predecessor of w0

on C. If w0 ∈ V (P ) − {x}, the path

P [y, w−

0 ]QP [w+
0 , w]

is a longer path from y to w than P , a contradiction. So assume that w0 ∈
V (C) − V (P ) or w0 = w. In replacing the arc w0w

+
0 by the path Q we can

construct a cycle that includes P and is longer than C, the final contradiction.

Using Lemma 3.12 for tournaments, Busch, Jacobson and Reid [6] showed the
following theorem.

Theorem 3.13 (Busch, Jacobson & Reid [6] 2006). Let T be a strong n-tourna-
ment and let xy be an arc of T that is on some cycle of length more than n+1

2
.

Then xy is on a Hamiltonian path of T .

This theorem is no longer valid for local tournaments.

Example 3.14. Let D be the local tournament on n ≥ 4 vertices that consists
of a cycle C = v1v2 . . . vnv1 and the arc v1v3. Then v1v3 belongs to a cycle of
length n − 1 > (n + 1)/2, but not to a Hamiltonian path of D.

In order to transfer Theorem 3.13 to the class of local tournaments we tighten
the assumption as one can see in the next result.

Theorem 3.15. Let D be a strong local tournament and let xy be an arc of D
that belongs to a longest cycle C of length l > n+1

2
. If there exists an arc between

V (C)−{x, y} and V (D)− V (C), then the arc xy is on a Hamiltonian path of D.

Proof. Let C = xyu1u2 . . . ukx be a longest cycle containing the arc xy. Using
Lemma 3.12, we can extend the path C − xy to a Hamiltonian cycle C ′ of D. Let

C ′ = yu1u2 . . . ukxwmwm−1 . . . w1y,

where k + 2 > n+1
2

, m ≥ 1 and n = m + k + 2. Since C has length k + 2 > n+1
2

, it
follows that k ≥ m. Let U = {u1, u2, . . . , uk} and W = {w1, w2, . . . , wm}.

Case 1: Suppose that there exists an arc leading from W to U . Let

j = min{r | N+(wr, U) 6= ∅}

be the smallest integer such that the vertex wj has at least one positive neighbor
in U and let

i = max{s | wj → ui}

12
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be the greatest integer such that wj dominates ui.
If j = 1, the path

wmwm−1 . . . w1uiui+1 . . . ukxyu1u2 . . . ui−1

is a Hamiltonian path through xy.
So assume that j ≥ 2. Note that if ur → ws → ur+1 for two indices 1 ≤ r ≤

k − 1 and 1 ≤ s ≤ m, the path

yu1u2 . . . urwsur+1ur+2 . . . ukx

is a longer path from y to x than P , a contradiction. Therefore, using the local
tournament property of D, we conclude that wj → ur for every index 1 ≤ r ≤ i.
Since wj → wj−1 and D is a local tournament, it follows that wj−1 and ur are
adjacent for every index 1 ≤ r ≤ i. Due to the choice of j we have ur → wj−1 for
every index 1 ≤ r ≤ i.

If i ≥ 2, the path

wmwm−1 . . . wjuiui+1 . . . ukxyu1u2 . . . ui−1wj−1wj−2 . . . w1

is a Hamiltonian path through xy.
So assume that i = 1. Then k ≥ m ≥ 2, since m ≥ j ≥ 2. In addition note

that we have already shown that u1 → wj−1. Due to the choice of P this implies
that u2 → wj−1 and, since i = 1 was chosen maximal, it follows that u2 → wj.
Now let

p = max{q ≥ 0 | u1+q → wj−1+q, u2+q → wj−1+q, u2+q → wj+q}

be the greatest integer such that u1+p dominates wj−1+p and u2+p dominates wj−1+p

and wj+p.
If p = m − j, the path

u3+pu4+p . . . ukxyu1u2 . . . u2+pwmwm−1 . . . w1

is a Hamiltonian path through xy.
So assume that p < m−j. Note that 2+p < k, since k ≥ m. Due to the choice

of P we obtain u3+p → wj+p and thus, since p was chosen maximal, we conclude
that wj+p+1 → u3+p. But now

wmwm−1 . . . wj+p+1u3+pu4+p . . . ukxyu1u2 . . . u2+pwj+pwj−1+p . . . w1

is a Hamiltonian path through xy.

13
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Case 2: Suppose that U  W . Let ur → ws, where 1 ≤ r ≤ k and 1 ≤ s ≤ m,
be an arc from U to W . Using the local tournament property of D and the
assumption that U  W , it follows that ur → wm. But then

ur+1ur+2 . . . ukxyu1u2 . . . urwmwm−1 . . . w1

is a Hamiltonian path through xy which completes the proof of this theorem.

The following results are immediate consequences of Theorem 3.15.

Corollary 3.16 (Busch, Jacobson & Reid [6] 2006). Let T be a strong tournament
and let xy ∈ E(T ) be an arc of T that belongs to a cycle of length l > n+1

2
. Then

the arc xy is on a Hamiltonian path of T .

Corollary 3.17. If D is a strong local tournament and every arc xy of D is on a
longest cycle C of length l > n+1

2
such that there exists an arc between V (C)−{x, y}

and V (D) − V (C), then D is arc-traceable.

Corollary 3.18 (Busch, Jacobson & Reid [6] 2006). If T is a strong tournament
and every arc of T is on some cycle of length l > n+1

2
, then T is arc-traceable.

4 Structure of local tournaments with a non-

traceable arc

In this section we prove some important necessary conditions for local tournaments
to have a non-traceable arc. These conditions are used in Section 5 to obtain
various sufficient conditions for arc-traceability.

Theorem 4.1. Let D be a strong local tournament and let xy be an arc of D
that does not belong to a Hamiltonian path. Then D satisfies one of the following
conditions.

(a) (i) D is a round-decomposable local tournament with the round decompo-
sition R[H1, H2, . . . , Hr], where r ≥ 4, such that V (Hi) = {x} and
V (Hj) = {y}, where |i − j| ≥ 2;

(ii) D − {x, y} is not connected.

(b) (i) there exists a vertex z such that D − z is not strong;

(ii) D − z has p ≥ 4 strong components;

(iii) x is in the initial strong component of D − z and y is in the terminal
strong component of D − z;

14
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(iv) z has no out-neighbor in the 2nd strong component of D − z and z has
no in-neighbor in the (p − 1)st strong component of D − z.

Proof. Let xy be an arc of D that is not traceable. According to Observation 3.2,
both x and y are separating vertices of D.

Case 1: Suppose that D has a separating vertex v /∈ {x, y}. Then, in view of
Theorem 3.10, there is at most a single vertex disjoint path leading from y to x
in D. Now, by Menger’s Theorem [13], there is a y-x-separating set of size one.
Let z /∈ {x, y} be a separating vertex of D such that there exists no path leading
from y to x in D − z and let D1, D2, . . . , Dp be the strong composition of D − z,
where p ≥ 2. According to Theorem 2.1, the vertices y and x are not in consecutive
strong components of D − z which immediately implies that p ≥ 3. Furthermore,
in view of Theorem 2.3, the vertex z has at least one positive neighbor in D1 and
at least one negative neighbor in Dp. Let x ∈ V (Dα) and y ∈ V (Dβ).

If α > 1, we conclude that V (Dα) = {x}, since x is a separating vertex of D.
Analogously we obtain V (Dβ) = {y} if β < p.

If there is an arc leading from Di to Dj such that i < α < j or i < β < j,
the vertex x or y, respectively, is not a separating vertex of D, a contradiction.
If α > 1 and there is an arc leading from z to Dj such that α < j, the digraph
D − x is strong, a contradiction. If β < p and there is an arc leading from Di to
z such that i < β, the digraph D − y is strong, again a contradiction. So assume
the contrary.

Subcase 1.1: Suppose that α > 1 and β < p. Then the round decomposition
R[H1, H2, . . . , Hr] of D can be constructed as follows.

[Construction of the round decomposition of D.]

Let Hi = Di for i = 1, 2, . . . , p, Hp+1 = {s}, where s is the considered
separating vertex of D, and r = p + 1. Let R be the local tournament
with vertex set {H1, H2, . . . , Hr} and arc set {HiHj|N

+(Hi, Hj) 6= ∅}.
Then R[H1, H2, . . . , Hr] is the desired round decomposition of D.

Subcase 1.2: Suppose that α > 1 and β = p or α = 1 and β < p. Without loss
of generality, we may assume the latter. By the observations above we conclude
that z → D1. Since x is a separating vertex of D, it follows that V (D1) = {x}. In
addition, if there is an arc from z to Dj for j < β, we obtain z → D2. In this case

xyDβ+1Dβ+2 . . .DpzD2D3 . . .Dβ−1

is a Hamiltonian path of D through xy, a contradiction. So there is no arc between
z and Dj for 1 < j < β and the round decomposition R[H1, H2, . . . , Hr] of D can
be constructed as above.
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Subcase 1.3: Suppose that α = 1 and β = p. Since x and y are both separating
vertices of D, we conclude that z 6→ D1 if |V (D1)| ≥ 3 and Dp 6→ z if |V (Dp)| ≥ 3.
In addition, z has no positive neighbor in D2 and no negative neighbor in Dp−1. If
p ≥ 4, the local tournament D has the desired structure (b). So assume that p = 3.
Then z has neither an out- nor an in-neighbor in D2. It follows that D3 → z → D1.
By the observations above we conclude that |V (D1)| = |V (D3)| = 1 and the round
decomposition R[H1, H2, H3, H4] of D can be constructed as above.

Case 2: Suppose that D − v is strong for every vertex v /∈ {x, y}. Let
D1, D2, . . . , Dp be the strong decomposition of D − x, where p ≥ 2, and let
y ∈ V (Dβ). Since xy is not traceable, we obtain β > 1.

Subcase 2.1: Suppose that β < p. If |V (Dβ)| ≥ 3, the path

D1D2 . . .Dβ−1Cβ[y+, y−]Dβ+1Dβ+2 . . .Dpxy

is a Hamiltonian path through xy, a contradiction. So assume that |V (Dβ)| = 1.
Since y is a separating vertex of D, we conclude that D has no arc leading from Di

to Dj for i < β < j. If x has a negative neighbor in Di for an index i < β − 1, the
vertex x has negative neighbors both in Di and Dp. It follows that Dβ−1 → Dβ+1,
a contradiction to the assumption that y is a separating vertex of D. So x → Di

for every index i ≤ β. We can analogously show that x has no negative neighbors
in Dj for every index j > β. This particularly implies that Dp → x. So the round
decomposition R[H1, H2, . . . , Hr] of D can be constructed as above.

Subcase 2.2: Suppose that β = p. Then |V (Dp)| ≥ 3, since x has a negative
neighbor in Dp. Now, by Menger’s Theorem [13] there are two (internally) vertex
disjoint path from y to x. Observe that all internal vertices of these paths are
in Dp and that Dp−1 → Dp. Hence xy is traceable by Theorem 3.11, the final
contradiction.

We make the following observations.

Remark 4.2. Every strong round-decomposable local tournament that satisfies
condition (a) of Theorem 4.1 is not a tournament. Furthermore, every strong
tournament that satisfies condition (b) of Theorem 4.1 is not round-decomposable.
In other words: if D is a strong round-decomposable tournament, then D is arc-
traceable.

As an immediate consequence of the above theorem and remark we obtain
Theorem 1.10. A deeper analysis of the structure of strong local tournaments that
have a non-traceable arc and are not round-decomposable yields the following
result.

Theorem 4.3. Let D be a strong local tournament that is not round-decomposable
and let xy be a non-traceable arc of D. Let z /∈ {x, y} be a separating vertex of D
and let D1, D2, . . . , Dp be the strong decomposition of D − z, where p ≥ 4.
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(a) If δ(D) ≥ 2, then the components D1 and Dp both have at least 2δ(D) + 1
vertices;

(b) If D1 − x induces a strong tournament in D, then x is the only out-neighbor
of z in D1;

(c) If x is a separating vertex of D1, then all out-neighbors of z in D1 − x are in
the terminal strong component of D1 − x;

(d) If Dp − y induces a strong tournament in D, then y is the only in-neighbor
of z in Dp;

(e) If y is a separating vertex of Dp, then all in-neighbors of z in Dp − y are in
the initial strong component of Dp − y.

Proof. Assume that D1 −x is strong. If z has an out-neighbor w in D1 −x, let Cp

be a Hamiltonian cycle of Dp, let v be an in-neighbor of z in Dp and let C1 be a
Hamiltonian cycle of D1 − x. Then the path

xCp[y, v]zC1[w, w−]D2D3 . . .Dp−1Cp[v
+, y−]

shows that xy is traceable, a contradiction. Hence z has no out-neighbors in D1−x.
So (b) is valid and by symmetry (d) is also valid.

To prove (c) assume that x is a separating vertex of D1. Let A1, A2, . . . , Aq

be the strong decomposition of D1 − x, where q ≥ 2. If z has an out-neighbor w
in Ai, where i < q, let Cp be a Hamiltonian cycle of Dp, let v be an in-neighbor
of z in Dp, let Ci be a Hamiltonian cycle of Ai and let Q be a Hamiltonian path
of D1 − (V (Ai) ∪ {x}) that begins in A1 and ends in an in-neighbor u of x in Aq.
Then the path

QxCp[y, v]zCi[w, w−]D2D3 . . .Dp−1Cp[v
+, y−]

shows that xy is traceable, again a contradiction. Hence z has no out-neighbors
in Ai for every i < q. So (c) is proved and by symmetry we derive the validity
of (e).

Now let δ(D) ≥ 2. Then |V (D1)| ≥ 3. If D1 − x is strong, we deduce from (b)
and Lemma 2.8.(c) that |V (D1) − {x}| ≥ 2δ(D) and hence |V (D1)| ≥ 2δ(D) + 1.
If x is a separating vertex of D1, we obtain |V (A1)| ≥ 2δ(D) − 1 by (c) and
Lemma 2.8.(b). It follows that |V (D1)| ≥ |V (A1)|+ |V (A2)| + |{x}| ≥ 2δ(D) + 1.
By symmetry we obtain |V (Dp)| ≥ 2δ(D) + 1 which completes the proof of (a)
and of this theorem.
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5 Applications of the structural results

In this section we shall apply the structural results of Section 4 to present several
sufficient conditions for the arc-traceability of strongly connected local tourna-
ments. Firstly we consider strongly connected, round-decomposable local tourna-
ments. Using Lemma 2.8.(a) and (b), we can show the following results.

Theorem 5.1. Let D be a strong round-decomposable local tournament that is not
arc-traceable and let k be the number of separating vertices of D. If δ(D) ≥ 2 and
d−(u) + d+(v) ≥ s for every arc uv in D, then ks ≤ |V (D)|.

Proof. If s = 1, the proposition is immediate. So assume that s ≥ 2. Let
R[H1, H2, . . . , Hr] be the round decomposition of D, where r ≥ 4. Note that
an arbitrary Hamiltonian cycle of D has no consecutive separating vertices, since
δ(D) ≥ 2. Let xy be a non-traceable arc of D. Since D is round-decomposable,
it has the structure as described in Theorem 4.1.(a). So let, without loss of gen-
erality, V (H1) = {x} and V (Hi) = {y}, where 3 ≤ i ≤ r − 1. Then H2 contains
a vertex u and Hi−1 contains a vertex v such that d−(u) ≤ (|V (H2)| + 1)/2,
d+(v) ≤ (|V (Hi−1)| + 1)/2 and u → v. It follows that

d−(u) + d+(v) ≤
|V (H2)| + 1

2
+

|V (Hi−1)| + 1

2

=
|V (H2)| + |V (Hi−1)|

2
+ 1

≤
|V (D)| − k − (k − 2)(s − 1)

2
+ 1.

The last inequality is true because of Lemma 2.8.(a). Since s ≤ d−(u)+ d+(v), we
conclude from the last inequality that ks ≤ |V (D)|.

Similarly we can show the following result with the help of Lemma 2.8.(b).

Theorem 5.2. Let D be a strong round-decomposable local tournament that is not
arc-traceable and let k be the number of separating vertices of D. If δ(D) ≥ 2,
then 2kδ(D) ≤ |V (D)|.

Proof. By Observation 3.2, we assume that k ≥ 2. Let R[H1, H2, . . . , Hr] be the
round decomposition of D, where r ≥ 4. Note that an arbitrary Hamiltonian cycle
of D has no consecutive separating vertices, since δ(D) ≥ 2. Since D is round-
decomposable, it has the structure as described in Theorem 4.1.(a). So let, without
loss of generality, x and y be two separating vertices of D such that V (H1) = {x}
and V (Hi) = {y}, where 3 ≤ i ≤ r − 1. Then H2 contains a vertex u such that
δ(D) ≤ d−(u) ≤ (|V (H2)| + 1)/2. It follows that

δ(D) ≤
|V (H2)| + 1

2
≤

|V (D)| − (k − 1) − (k − 1)(2δ(D) − 1)

2
.
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The last inequality is true because of Lemma 2.8.(b). We conclude from the last
inequality that 2kδ(D) ≤ |V (D)|.

As immediate corollaries we state the following sufficient conditions for a strong
round-decomposable local tournament to be arc-traceable.

Corollary 5.3. Let D be a strong round-decomposable local tournament on n ver-
tices with k separating vertices. If δ(D) ≥ 2 and d−(x) + d+(y) ≥ n+1

k
for every

arc xy of D, then D is arc-traceable.

Proof. If D is not arc-traceable, it follows by Theorem 5.1 that

n ≥
n + 1

k
k = n + 1,

a contradiction.

Corollary 5.4. Let D be a strong round-decomposable local tournament on n ver-
tices with k separating vertices. If δ(D) ≥ 2 and δ(D) ≥ n+1

2k
, then D is arc-

traceable.

Proof. If D is not arc-traceable, it follows by Theorem 5.2 that

n ≥
n + 1

2k
2k = n + 1,

a contradiction.

We now consider local tournament that are not round-decomposable.

Theorem 5.5. Let D be a strong local tournament on n vertices that is not round-
decomposable with δ(D) ≥ 2. If d−(x)+d+(y) ≥ n

2
−2 for every arc xy of D, then

D is arc-traceable.

Proof. We show that if D is not traceable, it has an arc xy with d−(x) + d+(y) <
n
2
− 2. So suppose that xy is an arc of D that is not traceable. Then D has the

structure as described in Theorem 4.1.(b). Note that n ≥ |V (D1)| + |V (Dp)| + 3
and that D1 → Dp, since x → y. Let u be a vertex in D1 with minimal in-degree
and let v be a vertex in Dp with minimal out-degree. Since D1 → Dp, the arc uv
exists in D. As δ(D) ≥ 2 we obtain |V (D1)| ≥ 3 and |V (Dp)| ≥ 3.

If D1 is regular or almost-regular, the vertex x is not a separating vertex of
D1. It follows by Theorem 4.3.(b) that (D1 − x)  z. Analogously, if Dp is
regular or almost-regular, it follows by Theorem 4.3.(d) that z  (Dp − y). Hence
d−(u) ≤ (|V (D1)| − 1)/2 and d+(v) ≤ (|V (Dp)| − 1)/2.
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If D1 is neither regular nor almost-regular, it is immediate that d−(u) ≤
(|V (D1)| − 1)/2. Analogously we see that d+(v) ≤ (|V (Dp)| − 1)/2 if Dp is neither
regular nor almost-regular.

So all in all we conclude that d−(u) ≤ (|V (D1)|−1)/2 and d+(v) ≤ (|V (Dp)|−
1)/2. It follows that

d−(u) + d+(v) ≤
|V (D1)| − 1

2
+

|V (Dp)| − 1

2

=
|V (D1)| + |V (Dp)| − 2

2

≤
n − 5

2

<
n

2
− 2

the desired contradiction that completes the proof of this theorem.

Since every strong, round-decomposable tournament is arc-traceable by Re-
mark 4.2, the next results follow directly from Theorem 5.5.

Corollary 5.6 (Busch, Jacobson & Reid [6] 2006). Let T be a strong tournament
on n vertices with δ(T ) ≥ 2. If d−(x) + d+(y) ≥ n

2
− 2 for every arc xy of T , then

T is arc-traceable.

Corollary 5.7. Let D be a strong local tournament on n vertices that is not round-
decomposable. If δ(D) ≥ n

4
− 1 > 1, then D is arc-traceable.

Corollary 5.8 (Busch, Jacobson & Reid [6] 2006). Let T be a strong tournament
on n vertices. If δ(T ) ≥ n

4
− 1 > 1, then T is arc-traceable.

The next example shows that the bounds presented in Corollaries 5.3 and 5.4
are best possible.

Example 5.9. Let T1, T2, . . . , Tk be σ-regular tournaments, where σ ≥ 1, and let
u1, u2, . . . , uk be k additional vertices. We define D as the local tournament with
vertex set V (D) =

⋃k

i=1 V (Ti) ∪
⋃k

i=1{ui} and arc set

E(D) =

k⋃

i=1

E(Ti) ∪
k⋃

i=1

{uiv | v ∈ V (Ti)}∪

k⋃

i=1

{vui+1 | v ∈ V (Ti)} ∪
k⋃

i=1

{uiui+1}.

Then D is a strong round-decomposable local tournament such that u1, u2, . . . , uk

are the separating vertices of D and δ(D) ≥ σ + 1. Note that d−(x) + d+(y) =
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2σ + 2 = n
k

for all vertices x, y ∈ V (Ti), that d−(ui) + d+(y) = d−(x) + d+(ui+1) =
3σ+3 ≥ n

k
for every vertex x ∈ V (Ti) and y ∈ V (Ti+1) and that d−(ui)+d+(ui+1) =

4σ + 4 ≥ n
k

for every index 1 ≤ i ≤ k. But D is not arc-traceable, since none of
the arcs uiui+1 belongs to a Hamiltonian path of D.

Now the following question arises: if D is a strong local tournament with
minimal degree less than n(D)/4, which length has a longest path through any
given arc of D? The next result answers the question.

Theorem 5.10. Let D be a strong local tournament on n vertices with minimum
degree 1 < δ(D) < n

4
.

(a) If D is round-decomposable, then every arc of D is on a path of length at
least 2δ(D);

(b) If D is not round-decomposable, then every arc of D is on a path of length at
least ⌈n+1

2
⌉ + 2δ(D).

Proof. If D is arc-traceable, every arc of D is on a Hamiltonian path and the result
is immediate. So assume that D has a non-traceable arc xy. Then both x and y
are separating vertices of D by Observation 3.2 and D has the structure required
by Theorem 4.1. We consider two cases.

Case 1: Suppose that D is round-decomposable. Let R[H1, H2, . . . , Hr] be
the round decomposition of D, where r ≥ 4, such that, without loss of gen-
erality, V (H1) = {x} and V (Hi) = {y} for an index 3 ≤ i ≤ r − 1. Let
D′ = D[V (Hi+1)∪V (Hi+2)∪. . .∪V (Hp−1)] be the local tournament that is induced
by Hi+1, Hi+2, . . . , Hp−1. Note that N+(D′)−V (D′) ⊆ {x} and N−(D′)−V (D′) ⊆
{y}. It follows by Lemma 2.8.(b) that |V (D′)| ≥ 2δ(D)− 1. Therefore the arc xy
is on a path with at least 2δ(D) + 1 vertices and hence has length at least 2δ(D).

Case 2: Suppose that D is not round-decomposable.
We shall show first that z has an out-neighbor outside of D1. If |V (D1)| = 1,

the proposition is immediate, since δ(D) ≥ 2. So assume that |V (D1)| ≥ 3. If
z → D1, the vertex x is not a separating vertex of D, a contradiction. Therefore
z has an in-neighbor v in D1. Since v → Di for i > 1, it follows by the local
tournament property of D that z is adjacent to every vertex w ∈ V (Di) for i > 1.
Recall that z has no in-neighbor in Dp−1. Hence we obtain z → Dp−1. Analogously
we can show that z has an in-neighbor outside of Dp.

Let r = max{i < p | N−(z, Di) 6= ∅} be the greatest index less than p such
that z has an in-neighbor in Di. Dually, let s = min{1 < j | N+(z, Dj) 6= ∅} be
the smallest index greater than 1 such that z has an out-neighbor in Dj. Observe
that r ≥ 2 and s ≤ r + 1. Let v1 ∈ V (Dr) and v2 ∈ V (Dp) be two vertices
that dominate z and let w1 ∈ V (D1) and w2 ∈ V (Ds) be two vertices that are
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dominated by z. Furthermore, let Ci be a Hamiltonian cycle of Di for every index
1 ≤ i ≤ p. Then

P = C1[x
+, x]Cp[y, v2]zCs[w2, w

−

2 ]Ds+1Ds+2 . . .Dp−1Cp[v
+
2 , y−]

and
Q = C1[x

+, w−

1 ]D2D3 . . .Dr−1Cr[v
+
1 , v1]zC1[w1, x]Cp[y, y−]

are two paths through xy of order 1 + |V (D1)| +
∑p

i=s |V (Di)| and 1 + |V (Dp)| +∑r

i=1 |V (Di)|, respectively. Hence

|V (P )| + |V (Q)| ≥ |V (D1)| + |V (Dp)| + 2 +

p∑

i=1

|V (Di)|

= n + 1 + |V (D1)| + |V (Dp)|

≥ n + 3 + 4δ(D)

by Theorem 4.3.(a). It follows that either P or Q contains at least ⌈n+3
2
⌉+ 2δ(D)

vertices and thus has length at least ⌈n+1
2
⌉ + 2δ(D).

Since every strong, round-decomposable tournament is arc-traceable by Re-
mark 4.2, the next results follow directly from Theorem 5.5.

Corollary 5.11 (Busch, Jacobson & Reid [6] 2006). Let T be a strong local tour-
nament on n vertices with minimum degree 1 < δ(T ) < n

4
. Then every arc of T is

on a path of length at least ⌈n+1
2
⌉ + 2δ(D).

References

[1] B. Alspach: Cycles of each length in regular tournaments, Canad. Math.
Bull. 10 (1967), 283–286.

[2] J. Bang-Jensen: Locally semicomplete digraphs: a generalization of tourna-
ments, J. Graph Theory 14 (1990), no. 3, 371–390.

[3] J. Bang-Jensen and G. Gutin: Generalizations of tournaments: a survey, J.
Graph Theory 28 (1998), no. 4, 171–202.

[4] J. Bang-Jensen, J. Huang and E. Prisner: In-tournament digraphs, J. Com-
bin. Theory Ser. B 59 (1993), no. 2, 267–287.

[5] A. H. Busch: Arc-traceable tournaments, Ph.D. thesis, University of Col-
orado at Denver, 2005.

22



11
 D

ec
em

be
r 2

00
7

FIN
AL D

RAFT

[6] A. H. Busch, M. S. Jacobson and K. B. Reid: On arc-traceable tournaments,
J. Graph Theory 53 (2006), no. 2, 157–166.

[7] P. Camion: Chemins et circuits hamiltoniens des graphes complets, C. R.
Acad. Sci. Paris 249 (1959), 2151–2152.

[8] A. Ghouila-Houri: Une condition suffisante d’existence d’un circuit hamil-
tonien, C. R. Acad. Sci. Paris 251 (1960), 495–497.

[9] Y. Guo: Locally Semicomplete Digraphs, Ph.D. thesis, RWTH Aachen Uni-
versity, 1995, 92 p.

[10] F. Harary and L. Moser: The theory of round robin tournaments, Amer.
Math. Monthly 73 (1966), 231–246.

[11] J. Huang: Tournament-Like Oriented Graphs, Ph.D. thesis, Simon Fraser
University, 1992.

[12] O. S. Jakobsen: Cycles and Paths in Tournaments, Ph.D. thesis, University
of Aarhus, 1972.

[13] K. Menger: Zur allgemeinen Kurventheorie, Fundamenta 10 (1927), 96–115.

[14] J. W. Moon: On subtournaments of a tournament, Canad. Math. Bull. 9
(1966), 297–301.
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