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Abstract

A digraph D is arc-traceable if for every arc xy of D, the arc &y belongs to
a directed Hamiltonian path of D. A local tournament is an oriented graph
such that the negative neighborhood as well as the positive neighborhood of
every vertex induces a tournament. It is well known that every tournament
contains a directed Hamiltonian path and, in 1990, Bang-Jensen showed
the same for connected local tournaments. In 2006, Busch, Jacobson and
Reid studied the structure of tournaments that are not arc-traceable and
consequently gave various sufficient conditions for tournaments to be-arc-
traceable. Inspired by the article of Busch; Jacobson and Reid, we develop
in this paper the structure necessary for a local tournament to be not arc-
traceable. Using this structure, we give sufficient conditions for a local
tournament to be arc-traceable and we present examples showing that these
conditions are best possible.

1 Terminology and introduction

For a digraph D, we denote by V(D) and E(D) the vertex set and arc set of D,
respectively. The number |V (D)| is the order of the digraph D. The subdigraph
induced by a subset A of V(D) is denoted by D[A].

If zy € E(D), then y is a positive neighbor or out-neighbor of x and x is a
negative neighbor or in-neighbor of y, and we also say that x dominates y and that
y is dominated by x, denoted by & — y. More generally, if A and B are two disjoint
subdigraphs of a digraph D such that every vertex of A dominates every vertex
of B, then we say that A dominates B and that B is dominated by A, denoted
by A — B. Furthermore, A ~» B denotes the fact that there is no arc leading
from B to A and at least one arc is leading from A to B. In this case we also say
that A weakly dominates B. The outset NT(x) of a vertex x is the set of positive
neighbors of x. More generally, for arbitrary subdigraphs A and B of D, the
outset NT(A, B) is the set of vertices in B to which there is an arc from a vertex
in A. The insets N~ (z) and N~ (A, B) are defined analogously. The numbers
dt(z) = |[NT(x)| and d~(x) = |[N~(z)| are called outdegree and indegree of x,
respectively. The minimum outdegree 6T(D) and the minimum indegree 6~ (D)



of D are given by min {d*(z)|z € V(D)} and min {d™(x)|z € V (D)}, respectively.
Furthermore, let (D) denote the minimum of 6% (D) and §~ (D).

Throughout this paper, directed cycles and paths are simply called cycles and
paths. The length of a cycle C' or a path P is the number of arcs included in C'
or P. Let C[z;,z;], where 1 < 4,5 < k, denote the subpath z;z;41...2; of C
with initial vertex x; and terminal vertex x;. Furthermore, if x is a vertex of C,
then z; denotes the successor of 2z on C. The predecessor of a vertex x is defined
analogously. If no confusion arises, ™ and 2~ will be used to denote =z and .
The notations for paths are defined analogously.

A digraph D is arc-traceable if every arc zy of D belongs to a path of order
|V(D)], i.e., a Hamiltonian path.

All digraphs mentioned here are finite without loops, multiple arcs and cycles
of length two.

We speak of a connected digraph if the underlying graph is connected. A
digraph D is said to be strongly connected or just strong, if for every pair x,y of
vertices of D, there is a path from z to y. A strong component of D is a maximal
induced strong subdigraph of D. A digraph D is k-connected if for any set S of at
most k — 1 vertices the subdigraph D — S is strong. If D is a strong digraph and
S is a subset of V(D) such that D — S is not strong, we say that S is a separating
set. We speak of a separating vertex s if S = {s} is a separating set of size one.
A separating set S is called minimal separating set (minimum separating set) if
there exists no separating set U such that U C S and U # S (|U| < |9]).

An n-tournament is an orientation of a complete undirected graph with order
n. A local tournament is a digraph where the inset as well as the outset of every
vertex induces a tournament and an in-tournament is a digraph where the inset
of every vertex induces a tournament.

A tournament 7' is called regular if 6(T) = A(T) and almost-reqular if A(T') —
NT) <1.

The following class of digraphs plays an important role in the study of local
tournaments. A digraph on n vertices is called a round digraph if we can label its

vertices vy, v, ..., v, such that N (v;) = {vip1,Vivo, ..., Viyar @y} and N~ (v;) =
{vic1, vic2, . <0, Vi g (v, } for every i, where the subscripts are taken modulo n. We
refer to vy, ve, ..., v, as a round labeling of D. A local tournament D is round-

decomposable if there exists a round local tournament R on r > 2 vertices and
strong local subtournaments Hy, Ho, . .., H, of D such that D = R[Hy, Ho, . .., H,].
We call R[Hy, Hs, ..., H,] a round decomposition of D.

Throughout this paper all subscripts are taken modulo the corresponding num-
ber.

In 1990, Bang-Jensen [2] defined local tournaments to be the family of oriented
graphs where the inset as well as the outset of every vertex induces a tournament.



In transferring the general adjacency only to vertices that have a common positive
or a common negative neighbor, local tournaments form an interesting generaliza-
tion of tournaments. Since then a lot of research has been done concerning local
tournaments, or the more general class of locally semicomplete digraphs, where
there might be cycles of length two. In particular, the Ph.D. theses of Guo [9]
and Huang [11] handeled this subject in detail. For more information concerning
different generalizations of tournaments, the reader may be referred to the survey
article of Bang-Jensen and Gutin [3].

In claiming adjacency only for vertices that have a common positive neigh-
bor, Bang-Jensen, Huang and Prisner [4] introduced a further generalization of
local tournaments, the class of in-tournaments. Some problems concerning in-
tournaments have been studied by Bang-Jensen, Huang and Prisner in their initial
article [4].

In this paper, we develop the structure necessary for a local tournament D to
contain an arc that does not belong to a Hamiltonian path. Using this structure,
we give sufficient conditions for a local tournament to be arc-traceable. In addition
we give examples that show that these conditions are best possible.

The first result concerning Hamiltonian paths in digraphs is due to Rédei [15]
who showed that every tournament contains a Hamiltonian path.

Theorem 1.1 (Rédei [15] 1934). Every tournament contains a Hamiltonian path.

In 1990, Bang-Jensen [2] showed the same for connected local tournaments. In
1960, a first sufficient condition was given for a digraph to contain a Hamiltonian
cycle (and thus, in particular a Hamiltonian path).

Theorem 1.2 (Ghouila-Houri [8] 1960). If D is a digraph such that 6(D) >
\V(D)|/2, then D contains a Hamiltonian cycle.

Moon [14] proved that every vertex in a strongly connected tournament belongs
to cycles of arbitrary lengths.

Theorem 1.3 (Moon [14] 1966). A tournament T is strongly connected if and
only if T is vertex-pancyclic.

Weaker results were shown by Camion [7] in 1959 and by Harary and Moser
[10] in 1966.

Theorem 1.4 (Camion [7] 1959). A tournament T is strongly connected if and
only if T is Hamiltonian.

Theorem 1.5 (Harary & Moser [10] 1966). A tournament T is strongly connected
if and only if T is pancyclic.



In 1990, Bang-Jensen [2] extended the result of Camion to local tournaments.
The result was further extended to in-tournaments by Bang-Jensen, Huang and
Prisner [4] in 1993.

Theorem 1.6 (Bang-Jensen, Huang & Prisner [4] 1993). An in-tournament D is
strongly connected if and only if D is Hamiltonian.

Since tournaments are known to have a Hamiltonian path and strong tour-
naments have Hamiltonian cycles, it is a natural question to ask under which
conditions every arc of a given tournament is part of a Hamiltonian path or cycle.
In fact, the condition that every arc belongs to a cycle of length k for every integer
3 < k < n was introduced as arc-pancyclicity and the following results were given.

Theorem 1.7 (Alspach [1] 1967). Every reqular tournament is are-pancyelic.

Theorem 1.8 (Jakobsen [12] 1972). Every arc of an almost-reqular n-tournament,
where n > 8, is contained in a cycle of length k for every 4 < k <mn.

Theorem 1.9 (Thomassen [16] 1980). If T"is an n-touwrnament with A(T)—6(T') <
(n—3)/5, then every arc of T is contained in a cycle of length k for everyd < k < n.

In contrast to arc-pancyclicity the question of arc-traceability was not ad-
dressed. In 2006, Busch, Jacobson and Reid [6] studied the structure of tourna-
ments that are not arc-traceable and consequently gave various sufficient conditions
for tournaments to be arc-traceable. They proved the following result.

Theorem 1.10 (Busch, Jacobson & Reid [6] 2006). If T is a strong tournament
with an arc xy that is not on a Hamiltonian path, then

(a) there exists a vertex z such that T — z is not strong;
(b) T —z has p > 4 strong components;

(c) x is in the initial strong component of T — z and y is in the terminal strong
component of T — z;

(d) z is dominated by the 2"¢ strong component of T — z and z dominates the
(p — 1)t strong component of T — z.

Inspired by the article of Busch, Jacobson and Reid, we develop in this paper
the structure necessary for a local tournament to be not arc-traceable. In par-
ticular, we transfer Theorem 1.10 to the class of local tournaments. Using this
structure, we give sufficient conditions for a local tournament to be arc-traceable
and we present examples showing that these conditions are best possible.



2 Preliminary results

The results in this section will be frequently used in our proofs. For strong, but
not 2-connected local tournaments, Volkmann [17] showed the following.

Theorem 2.1 (Volkmann [17] 2000). Let u be a vertex of a strong local tournament
such that D—u is not strong. If Dy, Ds, ..., D, is the strong decomposition of D—u,
then the arcs from D; to Dy for 1 <i < p—1 and the arcs in D; for2<i <p—1
are contained in a Hamiltonian path of D.

The next result is a simple, but powerful observation on the interaction of a
cycle and an external vertex.

Lemma 2.2 (Bang-Jensen [2] 1990). Let D be a local tournament containing a
cycle C' = wujug ... uguy. If there exists a vertex v € V(D) = V(C) such that
Nt (v,C) # 0 (or N~(C,v) # 0), then either v — C (C — v, respectively) or
u; — v — uipq for some integer 1 < i < k, i.e., there exists a cycle C' in D such

that V(C") = V(C) U {v}.

This lemma as well as Theorem 1.4 for local and in-tournaments is useful for
the analyzation of the structural properties of local and in-tournaments

Theorem 2.3 (Bang-Jensen [2] 1990). Let D be a strong local tournament let S
be a minimal separating set of D.

(a) If A and B are two distinct strong components of D — S, then either there is
no arc between them or A dominates B or B dominates A;

(b) If A and B are two distinct strong components of D— S such that A dominates
B, then D[A] and D[B] are tournaments;

(¢) The strong components of D—S can be ordered in a unique way Dy, Ds, ..., D,
such that there are no arcs from D; to D; for j > i, and D; dominates D,y
fori=1,2,...,p—1.

An analogous result was given by Bang-Jensen, Huang and Prisner for in-tour-
naments.

Theorem 2.4 (Bang-Jensen, Huang & Prisner [4] 1993). Let D be a strong in-
tournament and let S be a minimal separating set of D.

(a) If A and B are two distinct strong components of D — S, either there is no
arc between them or A weakly dominates B or B weakly dominates A. Fur-
thermore, if A weakly dominates B, the set N~ (B, A) dominates B.



(b) If A and B are two distinct strong components of D — S such that A weakly
dominates B, the set N~ (b, A) induces a tournament for every b € B.

(¢) The strong components of D—S can be ordered in a unique way Dy, Ds, ..., D,
such that there are no arcs from D; to D; for j > i, and D; has an arc to D;iy
fori=1,2,...,p—1.

According to Theorems 2.3 and 2.4, the following definition was given.

Definition 2.5. Let D be a strong local or in-tournament and let S be a mini-
mal separating set of D. Then the unique sequence Dy, Dy, ..., D, as defined in
Theorems 2.3 and 2.4, respectively, s called the strong decomposition of D — S.
Furthermore, we call Dy the initial strong component and D, the terminal strong
component of D — §.

The following results are immediate by Theorems 2.3 and 2.4, respectively.

Theorem 2.6 (Bang-Jensen [2] 1990). Let D be a strong local tournament and let
S be a minimal separating set of D. The strong decomposition of D — S has the
following properties.

(a) If x; — x; for x; € V(D;) and xj € V.(D;) with 1 <i+# 5 <p, then Dy, — D,
for everyi < k <l <7.

(b) The digraph D — S has a Hamiltonian path.
(c¢) For every s € S we have d*(s,Dy) > 0 and d~ (s, D,) > 0.

Theorem 2.7 (Bang-Jensen, Huang & Prisner [4] 1993). Let D be a strong in-
tournament and let S be a minimal separating set of D. The strong decomposition
of D — S has the following properties.

(a) If x; — x, for x; € V(D;) and x € V(Dy,) with 1 < i # k < p, then x; — D;
for everyi+1 < j <k.

(b) The digraph D — S has a Hamiltonian path.
(c¢) For everys € S we have d*(s, D1) > 0 and d~(s, D,) > 0.

The next result summarizes some useful observations regarding the order of a
digraph.

Lemma 2.8. Let D be a digraph of order n without cycles of length two and let
r > 1 be an integer.

(a) If d~(x) +d* (y) > r for every arc xy of D, thenn >r+1;

6



(b) If 57 (D) >r or 6= (D) >r, thenn > 2r+1;

(c) If 6T (D) > r and there exists a vertex x € V(D) such that d*(x) > r+1 or if
07 (D) > r and there exists a vertex x € V(D) such that d~(x) > r + 1, then
n>2r + 2.

3 Sufficient criteria for arc-traceability

In this section we give various criteria for a strong local tournament to be arc-
traceable.

3.1 Sufficient criteria for arc-traceability in terms of (local)
connectivity

We begin with local tournaments that are not strongly connected.

Observation 3.1. Let D be a connected, but not strongly connected local tour-
nament with the strong decomposition Dy, Dy, ..., D,, where p > 2. Then D 1is
arc-traceable if and only if each of the strong components is arc-traceable and there
exists no arc leading from D; to D; for j > i+ 2.

As a result of this observation, we can now focus on strongly connected local
tournaments. For in-tournaments the following result is obvious by Theorem 1.6.

Observation 3.2. If D is a strong in-tournament and u is not a separating vertex
of D, then every arc incident with u belongs to a Hamiltonian path of D.

As immediate consequences we obtain the following corollaries.
Corollary 3.3. If D is a 2-connected in-tournament, then D is arc-traceable.

Corollary 3.4 (Busch, Jacobson & Reid [6] 2006). If T' is a strong tournament
and w 1s not a separating verter of T, then every arc incident with u belongs to a
Hamiltonian path of T.

Corollary 3.5 (Busch, Jacobson & Reid [6] 2006). If T is a 2-connected tourna-
ment, then T is arc-traceable.

Using Theorem 2.4, we can show the following proposition.

Theorem 3.6. If D is a strong in-tournament with the property that there exist
at least two internally vertex disjoint paths from y to x for every arc xy, then D
15 arc-traceable.



Proof. Let x be an arbitrary vertex of D. By Observation 3.2 it suffices to show
that x is not a separating vertex of D. So assume that D — x is not strong and let
Dy, Ds, ..., D, be the strong decomposition of D — z, where p > 2. Let uv be an
arc of D such that u € V(D;) and v € V(D3). Then all paths from v to u include
the vertex x, a contradiction to our assumption. ]

In particular we derive the following result.

Corollary 3.7 (Busch [5] 2005). If T is a tournament with the property that there
exist at least two internally vertex disjoint paths from y to x for every arc xy, then
T is arc-traceable.

Busch, Jacobson and Reid [6] showed that in tournaments this property applies
locally as well.

Theorem 3.8 (Busch, Jacobson & Reid [6] 2006). Let T' be a strong tournament
and let xy € E(T') be an arc of T' such that there exist two internally vertex disjoint
paths from y to x in T. Then there exists a Hamiltonian path through xy in T.

However, the following example shows that Theorem 3.8 is no longer valid for
local tournaments.

Example 3.9. Let T be an arbitrary tournament and let T' be a tournament on
at least two vertices. We define the local tournament D by the vertexr set

V(D) =v(T)uVv(T') U {z,y}
and the edge set

E(D)=EB(T)UE(TYU{zy}U{zv |ve V(T)}U{vy | ve V(T)}U
{wz | we V(TH}U{yw | we V (T}

Then there exist two internally vertex disjoint paths from y to x in D, but there is
no Hamiltonian path through xy in D.

Note that every local tournament D as defined in Example 3.9 has the following
two properties. Firstly, the vertices z and y are the only separating vertices of D
and, secondly, there is no arc between the internal vertices of every longest path
P from y to z and D — P. The next results show that these properties are indeed
necessary for an arc zy to be not traceable.

Theorem 3.10. Let D be a strong local tournament with at least three separating
vertices and let xy be an arc of D such that there exist at least two (internally)
vertex disjoint paths from y to x in D. Then there exists a Hamiltonian path of D
that includes the arc xy.



Proof. Let z ¢ {x,y} be a separating vertex of D. Since there are at least two
(internally) vertex disjoint paths from y to x in D, the vertices x and y are in the
same strong component of D —z. Let Dy, D,, ..., D, be the strong decomposition
of D —z, where p > 2. According to Theorem 2.1, every arcin D; for 2 <i<p-—1
belongs to a Hamiltonian path of D. Hence we may assume that xy € E(D;) for
an index ¢ € {1, p}. By symmetry we may assume, without loss of generality, that
1=1.

Case 1: Suppose that there exists only one (internally) vertex disjoint path
from y to x in D;. Then every pair Py, P, of (internally) vertex disjoint paths
from y to x in D has the property that z € V(P,) and V(P) C V(D) or that
z € V(Py) and V(P;) C V(D;) . We may assume, without loss of generality, that
the latter assumption holds. Assume now that we have chosen a pair P, P, of
(internally) vertex disjoint path from y to z in D under the following conditions:

A. the successor of y on P, is not in Dy,
B. under condition A: |[V(Py)|+ |V (P)| is maximal.
It follows by condition B that V(D) —V(Dy) C V(P). Let R=V(D)— (V(P)U

V(Py)) be the set of the remaining vertices. Since R induces a tournament in
D, there exists a Hamiltonian path @ of D[R] (cf. Theorem 1.1). Therefore D
contains the Hamiltonian path

QPZ[?/Jra x]Pl[ya xi]

through xy.

Case 2: Suppose that there exist two (internally) vertex disjoint paths from y
to xz in Dy. Let Py = yujus . .. usx and Py, = ywyws . . . wx be two such paths such
that

V()] + [V(P2)| = [V(P)] + V()|
for any pair P/, P, of (internally) vertex disjoint paths from y to x in D;. Let
U= {up,ugy...,us}, W={wy,ws,...,w;} and let R =V (D) — (V(P)UV(FP2))
be the set of the remaining vertices in D;. If R = (), the path

Pyluy, x] Paly, wy]

is a Hamiltonian path of D; through xy and thus, zy is also on a Hamiltonian
path of D. So assume that R # () and let Q = ¢iq2 . ..q, be a Hamiltonian path
of D[R]. If ¢, — w;y or g, — wy, the arc xy is on the Hamiltonian path

QP [uy, 2| Py, wy] or QPylwy, x| Py, us

of D; and thus, xy is also on a Hamiltonian path of D. So {uj,w;} — ¢,. Let
i=min{j | N~ (¢;, UUW) % 0} be the minimal index such that ¢; has a negative
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neighbor in U U W and let j; = max{j | u; — ¢;} and jo, = max{j | w; — ¢} be
the maximal indices such that {u;,,w;,} — ¢. If j1 < s, the path

Prluy, wjy |qi Pr[wj, 41, us]

together with P, yields a contradiction to the choice of P, and P, and if j5 < ¢,
the path
Polwy, w;,]q; Po[wjy 11, wi]

together with P, yields a contradiction to the choice of P, and P,. So assume that
71 = s and jp = t. It follows that

Qlar, gi—1]Pi[ur, x] Py, wi]Qlas, gr]

is a Hamiltonian path of D; through xy and thus, zy is also on a Hamiltonian
path of D. 0

Theorem 3.11. Let D be a strong local tournament and let xy be an arc of D
such that there exist at least two (internally) vertex disjoint paths from y to x in
D. If there is a longest path P from y to x in D such that D has an arc between
an internal vertex of P and D — P, then there exists a Hamiltonian path of D that
includes the arc xy.

Proof. Suppose that the arc xy is not traceable. Then both x and y are separating
vertices of D by Observation 3.2. By Theorem 3.10 we may assume, that D — z is
strong for every vertex z ¢ {z,y}. Let Dy, Dy, ..., D, be the strong decomposition
of D — x, where p > 2. Since 2y is not traceable, we conclude that y ¢ V(D).
Note that if y belongs to D;, all paths from y to x are subdigraphs of D[V (D;) U
V(D;11)U. ..UV (D,)]. Let P be a path from y to x in D that fulfills the assumption
of this theorem.

If 2 <7 < p-—1, then P contains all vertices of D;, D;y,...,D,. It follows
that either there is an arc between a component D, and a component D, where
1 <r<i<s<p,or|V(D;)| > 3 and there is an arc between a component D,
and D; — {y}, where r <. Both possibilities contradict the assumption that y is
a separating vertex of D.

So assume that @ = p. Let P, and P, be two (internally) vertex disjoint
paths from ¢ to x such that |V (P)| + |V(P)| > |V(P])| + |V (P5)| for every pair
P/, P} of (internally) vertex disjoint paths from y to x. Let P, = yujusy. .. usz,
P, = ywywy...wr and let R = V(D,) — (V(P1) U V(F2)) be the set of the
remaining vertices of D,. If R = (), the path

D1D2 Ce Dp,1P1 [Ul, .T]PQ[y, U}t]
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contradicts the assumption that zy is not traceable. So assume that R # () and
let Ay, As, ..., A, be the strong decomposition of D[R], where ¢ > 1. If there is
an arc ugv from ug to Aj, let @ be a Hamiltonian path of D[R] that begins in v.
Then

D1D2 e Dp_ng[wl, l‘]PQ[y, US]Q

is a Hamiltonian path of D through xy, again a contradiction. Hence A; — us,.
Let y = wp. If there is a vertex v € V(A;) that has an in-neighbor on P [y, us,
let i = max{j | u; — v} be the maximal index with u; — v. But then

P, [1% Uz’]vpl [Ui+17 37]

and P, are two (internally) vertex disjoint paths from y to = that contradict the
choice of P, and P,. Therefore A; — Pi[y,us]. Analogously we can show that
A; — Pofy,w]. So all in all we obtain A; — (D, — 4;), a contradiction to the
assumption that D, is strong. This final contradiction completes the proof of the
theorem. O

In combining Theorems 3.10 and 3.11 we derive Theorem 3.8 as an immediate
corollary.

3.2 Sufficient criteria for arc-traceability in terms of cycle
lengths

In this subsection we show that the property that an arc of a strong local tourna-
ment D belongs to a cycle of length more than (|V(D)|+ 1)/2 is sufficient for this
arc to be traceable under an additional assumption. We begin with a preparatory
result.

Lemma 3.12. Let D be a strong local tournament and let xy be an arc of D. If P
15 a longest path from y to x in D, then P can be extended to a Hamiltonian cycle

of D.
Proof. Let P be a longest path from y to x and let
C =uuy ... uUgvy . .. VU,

where s > 1 and r > 0, be a longest cycle that includes P, i.e. u; =y, us = x and
P = ujus...us. Now assume that V(C) # V(D) and let v ¢ V(C) be a vertex
that does not belong to C'. If v has both an out- and an in-neighbor on C', it can
be inserted in C' by Lemma 2.2, a contradiction to either the choice of P or C'. It
follows that the vertex set V(D) — V(C) can be partitioned in X+ U X~ U X such
that X~ — C — X1 and the vertices of X have neither out- nor in-neighbors
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on C. Since D is strong, we conclude that X # () and X~ # (). Now let w € Xt
be a vertex that dominates C' and let () = wows ... w; be a shortest path from C

to w = wy, where t > 2. Let wi and w, be the successor and predecessor of wy
on C. If wy € V(P) — {z}, the path

Ply, wy]QP[wg, w]

is a longer path from y to w than P, a contradiction. So assume that wy €
V(C) — V(P) or wy = w. In replacing the arc wowd by the path Q we can
construct a cycle that includes P and is longer than C the final contradiction. [

Using Lemma 3.12 for tournaments, Busch, Jacobson and Reid [6] showed the
following theorem.

Theorem 3.13 (Busch, Jacobson & Reid [6] 2006). Let T' be a strong n-tourna-
ment and let xy be an arc of T that is on some cycle of length more than "TH
Then xy is on a Hamiltonian path of T.

This theorem is no longer valid for local tournaments.

Example 3.14. Let D be the local tournament on n > 4 vertices that consists
of a cycle C = vyvy...v,v1 and the arc vivs. Then vivs belongs to a cycle of
lengthn —1 > (n+1)/2, but not to a Hamiltonian path of D.

In order to transfer Theorem 3.13 to the class of local tournaments we tighten
the assumption as one can see in the next result.

Theorem 3.15. Let D be a strong local tournament and let xy be an arc of D

that belongs to a longest cycle C' of length | > "T“ If there exists an arc between

V(C)—=A{z,y} and V(D) — V(C), then the arc xy is on a Hamiltonian path of D.

Proof. Let C' = xyujusy ... upx be a longest cycle containing the arc xy. Using
Lemma 3.12, we can extend the path C' — zy to a Hamiltonian cycle C” of D. Let

!
C" = yuis . . . UpT Wy W1 - . . WY,

where k+ 2 > ”TH, m > 1 and n =m + k + 2. Since C' has length k4 2 > "TH, it
follows that k> m. Let U = {uy,ug, ..., ux} and W = {wy, wa, ..., wy}.
Case 1: Suppose that there exists an arc leading from W to U. Let

j=min{r | N*(w,,U) # 0}

be the smallest integer such that the vertex w; has at least one positive neighbor
in U and let
i =max{s | w; — w;}
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be the greatest integer such that w; dominates u;.
If j =1, the path

W Wm—1 - - W1U;Uj11 - - - URZYULUD - . . Uj—q

is a Hamiltonian path through zy.
So assume that 7 > 2. Note that if v, — ws — u,;1 for two indices 1 < r <
k—1and 1 < s <m, the path

Yyuiug . . . UpWglUpp1Upy2 . . . ULT

is a longer path from y to  than P, a contradiction. Therefore, using the local
tournament property of D, we conclude that w; — u, for every index 1 < r <.
Since w; — w;_; and D is a local tournament, it follows that w;_; and u, are
adjacent for every index 1 <r <. Due to the choice of j we have u, — w;_; for
every index 1 < r <.

If + > 2, the path

WmWm—1 -« - WjUiUi41 - - - UpgTYUIU - - U1 W1 W= . . . W

is a Hamiltonian path through zy.

So assume that ¢ = 1. Then k& > m > 2, since m > 5 > 2. In addition note
that we have already shown that u; — w;_;. Due to the choice of P this implies
that us — w;_; and, since i = 1 was chosen maximal, it follows that uy — wj.
Now let

p=max{q > 0] ti4g = Wj—14q, Uzg = Wj—11q, Udq — Wjtq}

be the greatest integer such that u;,, dominates w;_14, and us, dominates w;_1,
and wj4,.
If p =m — 7, the path

U34pUdyp -+ - URTYUIUY .« . . U4 pWmWp—1 « . . W1

is a Hamiltonian path through zy.

So assume that p < m—j. Note that 2+p < k, since kK > m. Due to the choice
of P we obtain ug,, — w;y, and thus, since p was chosen maximal, we conclude
that w; p41 — u3z4,. But now

WmWm—1 -+ - Wj4p1U34pU44p - - - ULZYUIUZ . . . U24pWj4pWj—14p - - - W1

is a Hamiltonian path through zy.

13



Case 2: Suppose that U ~ W. Let u, — w,, where 1 <r <kand1<s <m,
be an arc from U to W. Using the local tournament property of D and the
assumption that U ~» W, it follows that u, — w,,. But then

Upy1Upa2 . - ULZYULUZ . . - Up W Wiy —1 - - - W1
is a Hamiltonian path through xy which completes the proof of this theorem. [
The following results are immediate consequences of Theorem 3.15.

Corollary 3.16 (Busch, Jacobson & Reid [6] 2006). Let T be a strong tournament
and let xy € E(T) be an arc of T that belongs to a cycle of length [ > "T“ Then
the arc xy is on a Hamiltonian path of T.

Corollary 3.17. If D is a strong local tournament and every arc xy of D is on a

longest cycle C of length | > "T“ such that there exists an arc between V(C)—={x,y}

and V(D) —V(C), then D is arc-traceable.

Corollary 3.18 (Busch, Jacobson & Reid [6] 2006). If T is a strong tournament

. n+1 ;
and every arc of T is on some cycle of length | > *5=, then T is arc-traceable.

4 Structure of local tournaments with a non-
traceable arc

In this section we prove some important necessary conditions for local tournaments
to have a non-traceable arc. These conditions are used in Section 5 to obtain
various sufficient conditions for arc-traceability.

Theorem 4.1. Let D be a strong local tournament and let xy be an arc of D
that does not belong to a Hamaltonian path. Then D satisfies one of the following
conditions.

(a) (i) D is a round-decomposable local tournament with the round decompo-
sition R[Hy,Hs, ..., H,|, where r > 4, such that V(H;) = {z} and
V(H;) =A{y}, where |i —j| > 2;

(i) D —{x,y} is not connected.
(b) (i) there exists a vertex z such that D — z is not strong;
(ii)) D — z has p > 4 strong components;

(#ii) x is in the initial strong component of D — z and y is in the terminal
strong component of D — z;

14



(iv) z has no out-neighbor in the 2™ strong component of D — z and z has
no in-neighbor in the (p — 1)% strong component of D — z.

Proof. Let xy be an arc of D that is not traceable. According to Observation 3.2,
both x and y are separating vertices of D.

Case 1: Suppose that D has a separating vertex v ¢ {z,y}. Then, in view of
Theorem 3.10, there is at most a single vertex disjoint path leading from y to x
in D. Now, by Menger’s Theorem [13], there is a y-z-separating set of size one.
Let z ¢ {x,y} be a separating vertex of D such that there exists no path leading
from y to x in D — z and let Dy, Ds, ..., D, be the strong composition of D — z,
where p > 2. According to Theorem 2.1, the vertices y and x are not in consecutive
strong components of D — z which immediately implies that p > 3. Furthermore,
in view of Theorem 2.3, the vertex z has at least one positive neighbor in D; and
at least one negative neighbor in D,. Let x € V(D,,) and y € V(Dp).

If & > 1, we conclude that V(D,) = {x}, since z is a separating vertex of D.
Analogously we obtain V(Dg) = {y} if 5 < p.

If there is an arc leading from D; to D; such that ¢ < o < j ori < g < j,
the vertex x or y, respectively, is not a separating vertex of D, a contradiction.
If @ > 1 and there is an arc leading from 2z to D, such that ae < j, the digraph
D — x is strong, a contradiction. If 3 < p and there is an arc leading from D; to
z such that ¢ < (3, the digraph D — is strong, again a contradiction. So assume
the contrary.

Subcase 1.1: Suppose that a > 1 and § < p. Then the round decomposition
R[Hy, Hs, ..., H,] of D can be constructed as follows.

[Construction of the round decomposition of D.]

Let H; =D, fori=1,2,...,p, H,;1 = {s}, where s is the considered
separating vertex of D, and r = p + 1. Let R be the local tournament
with vertex set {Hi, Ha, ..., H,} and arc set {H,H;|N*(H;, H;) # 0}.
Then R[Hy, Hs, ..., H,] is the desired round decomposition of D.

Subcase 1.2: Suppose that @« > 1 and 3 =por a =1 and § < p. Without loss
of generality, we may assume the latter. By the observations above we conclude
that z — D;. Since « is a separating vertex of D, it follows that V(D) = {z}. In
addition, if there is an arc from z to D; for j < 3, we obtain z — D,. In this case

.ryD6+1D6+2 ce DpZD2D3 c Dlg,1

is a Hamiltonian path of D through zy, a contradiction. So there is no arc between
z and D; for 1 < j < # and the round decomposition R[Hy, Hs, ..., H,] of D can
be constructed as above.
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Subcase 1.3: Suppose that & = 1 and § = p. Since x and y are both separating
vertices of D, we conclude that z /4 Dy if |[V(D;)| > 3 and D, / z if [V(D,)| > 3.
In addition, z has no positive neighbor in Dy and no negative neighbor in D,,_;. If
p > 4, the local tournament D has the desired structure (b). So assume that p = 3.
Then z has neither an out- nor an in-neighbor in D,. It follows that D3 — z — D;.
By the observations above we conclude that |V (D;)| = |V(D3)| = 1 and the round
decomposition R[H;, Hy, H3, Hy] of D can be constructed as above.

Case 2: Suppose that D — v is strong for every vertex v ¢ {z,y}. Let
Dy, Ds,...,D, be the strong decomposition of D — x, where p > 2, and let
y € V(Dg). Since xy is not traceable, we obtain 3 > 1.

Subcase 2.1: Suppose that § < p. If |V(Dg)| > 3, the path

D1D2 N Dﬁ_ng[yJ“, y_]Dﬁ+1Dﬁ+2 N DpZL‘y

is a Hamiltonian path through zy, a contradiction. So assume that |V (Dg)| = 1.
Since y is a separating vertex of D, we conclude that D has no arc leading from D,
to Dj for i < § < j. If  has a negative neighbor in D; for an index ¢ < — 1, the
vertex  has negative neighbors both in D; and D,,. It follows that Dg_; — Dg,,
a contradiction to the assumption that y is a separating vertex of D. So x — D;
for every index ¢ < 3. We can analogously show that x has no negative neighbors
in D; for every index j > (. This particularly implies that D, — z. So the round
decomposition R[Hy, Ha, ..., H,| of D can be constructed as above.

Subcase 2.2: Suppose that 3 = p. Then |V (D,)| > 3, since = has a negative
neighbor in D,. Now, by Menger’s Theorem [13] there are two (internally) vertex
disjoint path from y to x. Observe that all internal vertices of these paths are
in D, and that D, — D,. Hence zy is traceable by Theorem 3.11, the final
contradiction. 0

We make the following observations.

Remark 4.2. Fvery strong round-decomposable local tournament that satisfies
condition (a) of Theorem 4.1 is mot a tournament. Furthermore, every strong
tournament that satisfies condition (b) of Theorem 4.1 is not round-decomposable.
In other words: if D is a strong round-decomposable tournament, then D is arc-
traceable.

As an immediate consequence of the above theorem and remark we obtain
Theorem 1.10. A deeper analysis of the structure of strong local tournaments that
have a non-traceable arc and are not round-decomposable yields the following
result.

Theorem 4.3. Let D be a strong local tournament that is not round-decomposable
and let zy be a non-traceable arc of D. Let z ¢ {x,y} be a separating vertex of D
and let Dy, Ds, ..., D, be the strong decomposition of D — z, where p > 4.
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(a) If 6(D) > 2, then the components Dy and D, both have at least 25(D) + 1
vertices;

(b) If Dy — x induces a strong tournament in D, then x is the only out-neighbor
of z in Dy,

(c) If x is a separating vertex of Dy, then all out-neighbors of z in Dy —x are in
the terminal strong component of Dy — x;

(d) If D, —y induces a strong tournament in D, then y is the only in-neighbor
of z in D,;

(e) If y is a separating vertex of D,, then all in-neighbors of z in Dy — y are in
the initial strong component of D, —y.

Proof. Assume that D; — z is strong. If 2z has an out-neighbor w in Dy —z, let C),
be a Hamiltonian cycle of D,, let v be an in-neighbor of z in D, and let C} be a
Hamiltonian cycle of D; — x. Then the path

xCyly, v]2Ch [w,w™ | Dy Dy .. .Dp_lcp[v+, Y]

shows that zy is traceable, a contradiction. Hence 2z has no out-neighbors in D; —x.
So (b) is valid and by symmetry (d) is also valid.

To prove (c) assume that x is a separating vertex of D;. Let A, As,..., A,
be the strong decomposition of Dy — &, where ¢ > 2. If 2z has an out-neighbor w
in A;, where i < ¢, let C, be a Hamiltonian cycle of D,, let v be an in-neighbor
of z in D,, let C; be a Hamiltonian cycle of A; and let () be a Hamiltonian path
of Dy — (V(4;) U{x}) that begins in A; and ends in an in-neighbor u of = in A,.
Then the path

QaC,y, v)20w, w™|DsDs ... D, 1Cplv",y~]

shows that xy is traceable, again a contradiction. Hence z has no out-neighbors
in A; for every i < g. So (c) is proved and by symmetry we derive the validity
of (e).

Now let 6(D) > 2. Then |V(Dy)| > 3. If Dy — x is strong, we deduce from (b)
and Lemma 2.8.(c) that |V(D;) — {z}| > 26(D) and hence |V (D;)| > 26(D) + 1.
If x is a separating vertex of D;, we obtain |V(A;)| > 2§(D) — 1 by (¢) and
Lemma 2.8.(b). It follows that |V (D;)| > |V (A1) + |V (A2)| + {x}| > 26(D) + 1.
By symmetry we obtain |V(D,)| > 2§(D) + 1 which completes the proof of (a)
and of this theorem. 0
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5 Applications of the structural results

In this section we shall apply the structural results of Section 4 to present several
sufficient conditions for the arc-traceability of strongly connected local tourna-
ments. Firstly we consider strongly connected, round-decomposable local tourna-
ments. Using Lemma 2.8.(a) and (b), we can show the following results.

Theorem 5.1. Let D be a strong round-decomposable local tournament that vs not
arc-traceable and let k be the number of separating vertices of D. If 6(D) > 2 and
d~(u) +d*(v) > s for every arc uwv in D, then ks < |V (D).

Proof. If s = 1, the proposition is immediate. So assume that s > 2. Let
R[Hy, Hs, ..., H,] be the round decomposition of D, where r > 4. Note that
an arbitrary Hamiltonian cycle of D has no consecutive separating vertices, since
d(D) > 2. Let zy be a non-traceable arc of D. Since D is round-decomposable,
it has the structure as described in Theorem 4.1.(a). So let, without loss of gen-
erality, V(H;) = {z} and V(H;) = {y}, where 3 < i <r — 1. Then H, contains
a vertex uw and H;_; contains a vertex v such that d~(u) < (|V(Hs)| + 1)/2,
dt(v) < (|V(Hi-1)|+1)/2 and u — v. It follows that

d™(u) +d*(v) < |[V(H)| +1 4 \V(H;—1)| +1

2 2
H. H;_
_ [V(Hy)| +2|V( i~1)| i
L) - ke y
The last inequality is true because of Lemma 2.8.(a). Since s < d~(u)+d*(v), we
conclude from the last inequality that ks < [V (D)|. O

Similarly we can show the following result with the help of Lemma 2.8.(b).

Theorem 5.2. Let D be a strong round-decomposable local tournament that is not
arc-traceable and let k be the number of separating vertices of D. If §(D) > 2,
then 2ké(D) < |V(D)].

Proof. By Observation 3.2, we assume that k > 2. Let R[H;, Ha, ..., H,| be the
round decomposition of D, where r > 4. Note that an arbitrary Hamiltonian cycle
of D has no consecutive separating vertices, since §(D) > 2. Since D is round-
decomposable, it has the structure as described in Theorem 4.1.(a). So let, without
loss of generality,  and y be two separating vertices of D such that V(H;) = {z}
and V(H;) = {y}, where 3 < i <r — 1. Then H, contains a vertex u such that
(D) <d (u) < (|V(Hy)| +1)/2. It follows that

< IV(H;)I 1 VD)= (k1) —2(’€ — 1)) -1)

(D)
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The last inequality is true because of Lemma 2.8.(b). We conclude from the last
inequality that 2kd(D) < |[V(D)|. O

As immediate corollaries we state the following sufficient conditions for a strong
round-decomposable local tournament to be arc-traceable.

Corollary 5.3. Let D be a strong round-decomposable local tournament on n ver-
tices with k separating vertices. If 6(D) > 2 and d~(z) + d*(y) > "= for every
arc xy of D, then D 1is arc-traceable.

Proof. Tt D is not arc-traceable, it follows by Theorem 5.1 that

1
n2n+

k=n-+1,

a contradiction. O

Corollary 5.4. Let D be a strong round-decomposable local tournament on n ver-
tices with k separating vertices. If §(D).> 2 and §(D) > %L, then D is arc-
traceable.

Proof. It D is not arc-traceable, it follows by Theorem 5.2 that

n—+1
>
"= ok

2k =n + 1,

a contradiction. O
We now consider local tournament that are not round-decomposable.

Theorem 5.5. Let D be a strong local tournament on n vertices that is not round-
decomposable with 6(D) > 2. If d~(z)+d* (y) > 5 —2 for every arc xy of D, then
D is arc-traceable.

Proof. We show that if D is not traceable, it has an arc xy with d~(z) +d* (y) <
5 — 2. So suppose that zy is an arc of D that is not traceable. Then D has the
structure as described in Theorem 4.1.(b). Note that n > |V(Dy)| + |V(D,)| + 3
and that D; — D, since & — y. Let u be a vertex in D; with minimal in-degree
and let v be a vertex in D, with minimal out-degree. Since Dy — D,, the arc uv
exists in D. As 6(D) > 2 we obtain |V (D)| > 3 and |V(D,)| > 3.

If D is regular or almost-regular, the vertex x is not a separating vertex of
D,. It follows by Theorem 4.3.(b) that (D; — ) ~» z. Analogously, if D, is
regular or almost-regular, it follows by Theorem 4.3.(d) that z ~» (D, —y). Hence
d-(u) < (IV(Dy)] — 1)/2 and d* (v) < (V(D,)| — 1)/2
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If Dy is neither regular nor almost-regular, it is immediate that d~(u) <
(|JV(D1)| —1)/2. Analogously we see that d*(v) < (|[V(D,)| —1)/2 if D, is neither
regular nor almost-regular.

So all in all we conclude that d~(u) < (|V(D;)|—1)/2 and d*(v) < (|V(D,)| —
1)/2. Tt follows that

)t < VP VD) -1

2 2
_ VD) +IV(Dp)| -2
2

n—>y
<
- 2

n
< — =2

2

the desired contradiction that completes the proof of this theorem. U

Since every strong, round-decomposable tournament is arc-traceable by Re-
mark 4.2, the next results follow directly from Theorem 5.5.

Corollary 5.6 (Busch, Jacobson & Reid [6] 2006). Let T' be a strong tournament
on n wertices with 6(T') > 2. If d™(x)+d* (y) > § — 2 for every arc xy of T', then
T is arc-traceable.

Corollary 5.7. Let D be a strong local tournament on n vertices that is not round-
decomposable. If 6(D) > 3 =1 > 1, then D is arc-traceable.

Corollary 5.8 (Busch, Jacobson & Reid [6] 2006). Let T be a strong tournament
on n vertices. If 6(T) > 5 —1>1, then T is arc-traceable.

The next example shows that the bounds presented in Corollaries 5.3 and 5.4
are best possible.

Example 5.9. Let T, T5s,. .., T} be o-reqular tournaments, where o > 1, and let
Uy, U, - - ., U be k additional vertices. We define D as the local tournament with
vertex set V(D) = Ule V(T;) U Ule{ul} and arc set

UE UU{uv|vEV( 1)U

U{vulﬂ |ve V(T;)}u U{u Uit1}-

Then D is a strong round-decomposable local tournament such that uy, us, ..., uy
are the separating vertices of D and §(D) > o + 1. Note that d(x) + d*(y) =
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20 +2 =% for all vertices x,y € V(T;), that d~(w;) +d* (y) = d~(z) + d* (ui1) =
30+3 > ¢ for every vertex x € V(T;) andy € V(Ti11) and that d” (u;)+d* (ui1) =
4o + 4 > % for every index 1 < i < k. But D is not arc-traceable, since none of
the arcs u;u;1q belongs to a Hamiltonian path of D.

Now the following question arises: if D is a strong local tournament with
minimal degree less than n(D)/4, which length has a longest path through any
given arc of D7 The next result answers the question.

Theorem 5.10. Let D be a strong local tournament on n vertices with minimum
degree 1 < §(D) < 7.

(a) If D is round-decomposable, then every arc of D is on a path of length at
least 26(D);

(b) If D is not round-decomposable, then every arc of D is on a path of length at
least [*] 4 26(D).

Proof. 1f D is arc-traceable, every arc of D is on a Hamiltonian path and the result
is immediate. So assume that D has a non-traceable arc xy. Then both z and y
are separating vertices of D by Observation 3.2 and D has the structure required
by Theorem 4.1. We consider two cases.

Case 1: Suppose that D is round-decomposable. Let R[Hi, Hs, ..., H,] be
the round decomposition of D, where r > 4, such that, without loss of gen-
erality, V(H;) = {z} and V(H;) = {y} for an index 3 < i < r — 1. Let
D' = D[V (H;41)UV(H;p2)U...UV(H,_1)] be the local tournament that is induced
by Hit1, Hivo, ..., H,—1. Note that N*(D')—V(D') C {z} and N~ (D) -V (D') C
{y}. Tt follows by Lemma 2.8.(b) that |V (D’)| > 26(D) — 1. Therefore the arc zy
is on a path with at least 26(D) + 1 vertices and hence has length at least 20(D).

Case 2: Suppose that D is not round-decomposable.

We shall show first that z has an out-neighbor outside of D;. If |V(D;)| = 1,
the proposition is immediate, since §(D) > 2. So assume that |V (Dy)| > 3. If
z — Dy, the vertex x is not a separating vertex of D, a contradiction. Therefore
z has an in-neighbor v in Dy. Since v — D; for ¢+ > 1, it follows by the local
tournament property of D that z is adjacent to every vertex w € V' (D;) for ¢ > 1.
Recall that z has no in-neighbor in D,_;. Hence we obtain 2 — D,,_;. Analogously
we can show that z has an in-neighbor outside of D,,.

Let r = max{i < p | N~ (z,D;) # 0} be the greatest index less than p such
that z has an in-neighbor in D;. Dually, let s = min{l < j | N*(z,D;) # 0} be
the smallest index greater than 1 such that z has an out-neighbor in D;. Observe
that » > 2 and s < r + 1. Let v; € V(D,) and v, € V(D,) be two vertices
that dominate z and let w; € V(D;) and we € V(Dy) be two vertices that are
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dominated by z. Furthermore, let C; be a Hamiltonian cycle of D; for every index
1 <i<p. Then

P = Cl [erv x]cp[yv ’UQ]ZCS['IUQ, w;]DSJrIDSJrQ e Dp—le[U;a yi]

and
Q=0C [ZUJr’ wf]Dng cen Drflcr[vfr7 Ul]zcl [wla x]Cp[ya yi]

are two paths through zy of order 1 + |V(Dy)| 4+ >0, |V(D;)| and 1+ [V(D,)| +
Yo |V (D), respectively. Hence

V(P)+[V(Q)] = V(D] + [V(Dy)] +2+ Z |V (D)
=n-+1+|V(Dy)|+|V(D,)|
>n+3+46(D)

by Theorem 4.3.(a). It follows that either P or @ contains at least [2£27] + 26(D)
vertices and thus has length at least [%E] 4 25(D). O

Since every strong, round-decomposable tournament is arc-traceable by Re-
mark 4.2, the next results follow directly from Theorem 5.5.

Corollary 5.11 (Busch, Jacobson & Reid [6] 2006). Let T be a strong local tour-
nament on n vertices with minimum degree 1. < §(T') < 4. Then every arc of T' is
on a path of length at least ["F] + 26(D).
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