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Abstract

For a positive integer k, a k-rainbow dominating function of a graph G is a function f from
the vertex set V(G) to the set of all subsets of the set {1,2,...,k} such that for any vertex
v € V(G) with f(v) = 0 the condition Unen(w) f(w) ={1,2, ..., k} is fulfilled, where N(v) is the
neighborhood of v. The 1-rainbow domination is the same as the ordinary domination. A set
{f1, f2, ..., fa} of k-rainbow dominating functions on G with the property that Z‘::l |fi(v)] <k
for each v € V(G), is called a k-rainbow dominating family (of functions) on G. The maximum
number of functions in a k-rainbow dominating family on G is the k-rainbow domatic number
of G, denoted by d,x(G). Note that d,1(G) is the classical domatic number d(G). If G is a
graph of order n and G is the complement of G, then we prove in this note for k > 2 the
Nordhaus-Gaddum inequality

di(G) + drk(G) <n+2k-2.

This improves the Nordhaus-Gaddum bound given by Sheikholeslami and Volkmann recently.
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1 Introduction

In this paper, G is a simple graph with vertex set V' = V(G) and edge set E = E(G). The order
|[V| of G is denoted by n = n(G). For every vertex v € V, the open neighborhood N(v) is the
set {u € V(G): wv € E(G)} and the closed neighborhood of v is the set N[v] = N(v) U {v}. The
degree of a vertex v € V is d(v) = |N(v)|. The minimum and maximum degree of a graph G are
denoted by § = §(G) and A = A(G), respectively. The open neighborhood of a set S C V is the set



N(S) =U,es N(v), and the closed neighborhood of S is the set N[S] = N(S)US. The complement
of a graph G is denoted by G. We write K,, for the complete graph of order n and C,, for a cycle of
length n. Consult [7, 10] for notation and terminology which are not defined here.

A subset S of vertices of G is a dominating set if N[S] = V. The domination number v(Q)
is the minimum cardinality of a dominating set of G. A domatic partition is a partition of V into
dominating sets, and the domatic number d(G) is the largest number of sets in a domatic partition.
The domatic number was introduced by Cockayne and Hedetniemi [5]. In their paper, they showed
that v(G) - d(G) < n.

For a positive integer k, a k-rainbow dominating function (kRDF) of a graph G is a function f
from the vertex set V(G) to the set of all subsets of the set {1,2,...,k} such that for any vertex
v € V(G) with f(v) = 0 the condition U,cn(, f(u) = {1.2,...,k} is fulfilled. The weight of a
kRDF f is the value w(f) =3, oy |f(v)]. The k-rainbow domination number of a graph G, denoted
by vrk(G), is the minimum weight of a kRDF of G. A 7,.(G)-function is a k-rainbow dominating
function of G with weight v, (G). Note that 7,1 (G) is the classical domination number v(G). The k-
rainbow domination number was introduced by Bresar, Henning, and Rall [1] and has been studied
by several authors (see for example [2, 3, 4, 11]). Rainbow domination of a graph G coincides

with ordinary domination of the Cartesian product of G with the complete graph, in particular,
Yk (G) = v(GOK},) for any graph G [1]. This implies (cf. [3]) that

for any graph G of order n. Furthermore, it was proved in [6] that
min{|[V(G)[,7(G) + k. =2} < 71(G) < ky(G)

for any k > 2 and any graph G. Combining the inequality 7(G) > [3%5] given in [9] and the
identity v,1(G) = v(GOK}) given in [1], we obtain the following lower bound for the k-rainbow
domination number of a graph G. If G is a graph of order n and maximum degree A, then

Wk (G) = [ b -‘ .

A+k

(Another direct proof of this inequality is given in the first part of the proof of Theorem 7: In an
arbitrary graph G the inequalities (2) and (3) are valid if we replace 6 by A.)

A set {f1, f2,...5 fa} of k-rainbow dominating functions of a graph G with the property that
2?21 |fi(v)] < k for each v € V(G), is called a k-rainbow dominating family (of functions) on G.
The maximum number of functions in a k-rainbow dominating family (kRD family) on G is the
k-rainbow domatic number of G, denoted by d,;(G). The k-rainbow domatic number is well-defined
and

dk(G) > k (1)

for all graphs G, since the set consisting of the functions f;: V(G) — P({1,2,...,k}) defined by
fi(v) = {i} for each v € V(G) and each i € {1,2,...,k}, forms a kRD family on G. Note that
d,1(Q) is the classical domatic number d(G).

The k-rainbow domatic number was introduced and investigated by Sheikholeslami and Volk-
mann [8]. The following results on the k-rainbow domatic number are important for our investiga-
tions.

Theorem 1 (Sheikholeslami & Volkmann [8]). For every graph G with minimum degree 0,
Theorem 2 (Sheikholeslami & Volkmann [8]). For every graph G of order n,

drk (G) S n.



The special case k = 1 in Theorem 1 was done by Cockayne and Hedetniemi [5]. As an application
of Theorem 1, Sheikholeslami and Volkmann proved the following Nordhaus-Gaddum type result.

Theorem 3 (Sheikholeslami & Volkmann [8]). For every graph G of order n,

drk(G) + drk(G) <n+2k-—1.

If dok(G) + dri(G) =n + 2k — 1, then G is regular.

Corollary 4 (Cockayne & Hedetniemi [5] 1977). If G is a graph of order n, then d(G)+d(G) < n+1.

Theorem 5 (Sheikholeslami & Volkmann [8]). If k is a positive integer, and G is isomorphic to the
complete graph K,, of order n > k, then d.;(G) =n.

In their paper [8], the authors posed the following conjecture.

Conjecture 1. For every integer k > 2 and every graph G of order n,

drk(G) + drk(G) <n+2k-—2.

The purpose of this note is to prove the aforementioned conjecture.

2 Nordhaus-Gaddum bounds

Using (1), our first Nordhaus-Gaddum inequality is immediate.

Theorem 6. If k > 1 is an integer, and G is a graph of order n, then

2k < drk(GQ) + dyi(G).

The next result gives an upper bound for the k-rainbow domatic number of some special regular
graphs.

Theorem 7. Let G be a d-reqular graph of order n. If G has a ~.1(G)-function f such that
VoUVaU- - UVy # 0 or Vo = Vy =+ =Vj, = 0 and k|Vo| < §|Vi|, where V; = {v € V(GQ): |f(v)| =i},
then

dop(G) <6+ k—1.

Proof. Let f be a v,1(G)-function and let V; = {v: |f(v)| =i} for i = 0,1,...,k. Then v,+(G) =
[Vi|+2|Va| + -+ k|Vi| and n = |Vo| + [Vi| + -+ +|Vi|. Let Eg = (Vy,V \ Vo) be the edges from
Vo to V'\ Vo. Since f is a v, (G)-function, we obtain

EVol< > @) < S(VAl +2[Val + -+ + K VE]) = 6724(G). (2)
zy€Eo, $€V\V0

Now it follows from (2) that

(5 + k)'ka(G) = 5'7rk(G) + k/"}/rk(G)
> k|\Vo| + E(|VA| +2|Va| + - - + k| Vi])

=k([Vol + [Vi| + -+ [Vi]) + E(|Va| +2|V3] + - + (k — 1)[Vk]) (3)
= kn 4+ E(|Va| 4 2|V3| 4 - + (k= 1)|Vi|)
> kn.

Let {f1, f2,..., fa} be a kRD family of G such that d = d,+(G). It follows that

d d
Yol =3 > If@l=) Y i) <Y k=kn (4)

1=1 1=1veV veV i=1 veV



Suppose to the contrary that d > 6 + k. If Vo U V3 U--- UV} # 0, then (3) shows that v,.x(G) >
(kn+E)/(0 + k). It follows that

d
Swlfi) =Y k(@) = d ﬁs" +ﬂ > (6 +k) <k;:kk) —kn+k > kn,
=1

i=1

_|_

a contradiction to (4). If Vo = V3 = --- = Vi, = 0 and k|Vo| < §|V1|, then v, (G) = |V1| and
n = |Vo| + |V1] and thus

(0 + k)vri(G) = k[Vi| + 6[Vi| > k[Vi] + k|Vo| = kn.
This implies that v,4(G) > kn/(d + k), and we obtain the following contradiction to (4)

d

2 kn
> w(fi) > ;m(G) > (04 k) (5+k) = kn.

i=1

Therefore d < § + k — 1, and the proof is complete. O
Now we improve the upper bound given in Theorem 3 for k£ > 2.

Theorem 8. If k > 2 is an integer, and G is a graph of order n, then

dri(G) + dvi(G) <m +2k — 2.

Proof. If G is not regular, then Theorem 3 implies the desired result. Now let G be §-regular.

Assume that G has a v, (G)-function f such that VoUVsU---UV, £ZQorVo=Vs=--- =V, =1
and k|Vy| < §|Vi], where V; = {v € V(G): |f(v)| = i}. Then we deduce from Theorem 7 that
dyk(G) <+ k — 1. Using Theorem 1, we obtain the desired result as follows

drk(G) + dpk(G) < (0(G)+k—1)+ (6(G)+ k)
= (G +k=1)+n—90(G) —1+k)
= n+2k-2.
It remains the case that every ~,1(G)-function f of G fulfills Vo = V3 = --- =V, = 0 and k|V| =

0|V1]. Note that n = |Vp|+|V3|. Furthermore, |[Vo| > 1 and thus |Vi| > k. Since 6(G)+6(G) = n—1,
it follows that 6(G) > (n —1)/2 or §(G) > (n — 1)/2. We assume, without loss of generality, that
5(G) > (n—1)/2.

If |Vi| > 2k, then k|Vp| = §|V1| > 2ké and thus [Vp| > 25. This leads to the contradiction

n=|Vo|+ V1| > 25 +2k >n—1+2k.

In the case k+1 < |Vi| < 2k—1, we define V} = {v: f(v) = {i}} fori € {1,2,...,k}. Because of
[V1] < 2k — 1, we observe that |V}/| = 1 for at least one index i € {1,2,...,k}. We assume, without
loss of generality, that |V4i!| = 1. Since each vertex of Vj is adjacent to the vertex of Vi!, we deduce
that |Vp| < d. This implies that

KVol < k6 < 6|VAl,

a contradiction to the assumption k|Vp| = §|V4].

If |Vi| =k, then [V| = 6 and so n = 6 + k. Hence §(G) =n — 8§ —1 =k — 1. Since the k vertices
of V; induce a complete component of order k in G, we deduce from Theorem 5 that d,(G) < k.
Now Theorem 1 implies that

dri(G) + drk(G) < (0(G) + k) +k=n+k <n+2k—2.

Since we have discussed all possible cases, the proof is complete. |



Corollary 9. If k > 2 is an integer, and G is a graph of order n, then

— 2k — 2)2
4:4(G) - (@) < W20
Proof. Tt follows from Theorem 8 that
(n+2k— 2)2 > (dpk(G) +drk (@))2
= (dwi(G) = dri(G))* + 4dyi(G) - drie(G)

k
> 4d(G) - dri(G)
and this leads to the desired bound. O

For the special case k = 2, Theorem 8 was proved by Sheikholeslami and Volkmann [8]. The
complete graph K, demonstrates that Theorem 8 does not hold for k& = 1. Consider the complete
p-partite graph G = Ky i, of order n = pk. Let V(G) ={v]:i=1,2,...,k;j=1,2,...,p} and
EG) = {Uf@ﬁ: 1<j#t<p;i,s=1,2,...,k}. For £ =1,2,...,n we define fg(vf) as follows: Write
(+i=qk+r, where 0 <r <k —1, and set fo(v]) = r+1if [(/k] = j, and fi(v]) = () otherwise.
Then {f1, fa, ..., fn} is a KRD family on G. In view of Theorem 2, it follows that d,i (K k... k) = n.
Since Kp, k..., consists of p complete graphs each of order k, it holds d,;(Kk ... k) = k and thus,

.....

Ao (Ko, k) + Aot (K g, k) =n+ k.

Hence the complete p-partite graph K35 . o shows that the bound in Theorem 8 is best possible for

k = 2. Furthermore, we conjecture the following.

Conjecture 2. If k > 2 is an integer, and G is a graph of order n, then

drk(G) + dy i (@) <n+k.
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