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Abstract

In this paper we present a method to derive inequalities involving
various domination parameters in graphs. As an application we deter-
mine several lower bounds for these domination parameters in trees in
terms of the order and the number of leaves. Finally, we characterize
the classes of extremal trees.
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1 Terminology

In this paper we consider finite, undirected, simple and connected graphs G =
(V, E) with vertex set V and edge set E. The number of vertices |V| is called
the order of G and is denoted by n(G). The subgraph induced by a subset X
of V is denoted by G[X]. For two distinct vertices u and v the distance d(u,v)
between w and v is the length of a shortest path between v and v. If X and Y
are two disjoint subsets of V, then the distance between X and Y is defined as
d(X,Y)=min{d(z,y) :z € X, y €Y}

The open k-neighborhood N¥(X) of a subset X C V is the set of vertices in
V'\ X of distance at most k from X and the closed k-neighborhood is defined by
NF[X] = N¥(X)uX. If X = {v} is a single vertex, then we denote the (closed) k-
neighborhood of v by N¥(v) (N*[v], respectively). The (closed) 1-neighborhood of
a vertex v or a set X of vertices is usually denoted by N(v) or N(X), respectively
(N[v] or N[X], respectively).

Now let U be an arbitrary subset of V and u € U. We say that v is a private
k-neighbor of u with respect to U if d(u,v) < k and d(v’,v) > k for all v’ € U\ {u},
that is v € N*[u] \ N*[U \ {u}]. The private k-neighborhood of u with respect to U
will be denoted by PN*[u, U] (PN*[u] if U = V).
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For a vertex v € V we define the degree of v as d(v) = |N(v)|. A vertex of
degree one is called a leaf and the neighbor of a leaf is its support vertex.

We define a matching of a graph G to be a subset M C E of edges which are
pairwise not incident. A perfect matching is a matching of size |V|/2.

If we remove an edge zy in a graph G and add a new vertex z as well as the
edges xz and zy, we say that the edge xy has been subdivided.

A set D C V of vertices is said to be a (connected) distance-k dominating set
of G if the distance between each vertex w € V' \ D and D is at most k£ (and D
induces a connected graph in G). The minimum cardinality of a (connected)
distance-k dominating set in G is the (connected) distance-k domination number
of G, denoted by v*(G) (7*(G), respectively). Note that the distance-1 domination
number v (G) is the usual domination number ~(G).

A set D C V of vertices is defined to be a distance-k total dominating set of G
if every vertex in V' is within distance k from some vertex of D other than itself.
The minimum cardinality among all distance-k total dominating sets of G is called
the distance-k total domination number of G and is denoted by vF(G).

For x € X C V, if PN¥[x] # 0, the vertex a is said to be k-irredundant in X.
A set X containing only k-irredundant vertices is called k-irredundant. The k-
irredundance number of G, denoted by irf(G), is the minimum cardinality taken
over all maximal k-irredundant sets of G.

We define a set D C V of vertices to be a (connected) p-dominating set of G if
every vertex outside of D has at least p neighbors in D (and G[D] is connected).
The minimum cardinality among all (connected) p-dominating sets is called the
(connected) p-dominating number of G, denoted by 7,(G) (7,..(G), respectively).

An (connected) end-dominating set of G is a dominating set D C V' which
contains all leaves of G (and G[D] is connected). We define the (connected) end-
dominating number of G, denoted by Ve (G) (7Ve.o(G), respectively), as the minimum
cardinality taken over all (connected) end-dominating sets of G.

For k€ N, we define a distance-k dominating set D C V of GG to be a distance-
k weakly connected dominating set of G if the subgraph G[N*[D]],, = (N*[D], E,,)
weakly induced by N*[D] is connected, where E,, is the set of edges which are
incident with at least one vertex in N*71[D]. The distance-k weakly connected
domination number is the minimum cardinality among all distance-k weakly con-
nected dominating sets of G' and will be denoted by v* (G).

A dominating set D C V of G is a paired dominating set if the induced
graph G[D] has a perfect matching. The minimum cardinality of all paired domi-
nating sets is the paired dominating number of G, denoted by 7,,(G).

For any integer p > 2, we define a set D C V to be a p-tuple dominating set of
G if |N[z] N D| > p for every vertex x of G. The p-tuple dominating number of G,
denoted by 7x,(G), is the minimum cardinality taken over all p-tuple dominating



sets. In the special case that p = 2, we use the terms double dominating set and
double dominating number.

A set D C V is a restrained dominating set if every vertex outside of D is
adjacent to a vertex in D and a vertex outside of D other than itself. Let 7,(G) (the
restrained dominating number) denote the size of a smallest restrained dominating
set.

A set D C V is a weak dominating set if every vertex x not in D is adjacent
to a vertex y € D with d(y) < d(x). The weak domination number of G, denoted
by Y, (G), is the minimum size of a weak dominating set of G.

Throughout this article the above properties of a k-distance dominating set will
be denoted by the corresponding index of v (e.g. the property ‘p-tuple dominating
set” will be denoted by ‘xp’).

2 Introduction

Let G = (V,E) be a graph and let P and Q be properties defined on sets of
vertices. Suppose that V' has property ©. Then for every subset S C V' there
is a set S C V such that S C §" and S’ has property Q. Assume that there is
at least one subset of V' having property P. Suppose we are interested in finding
subsets of minimum cardinality of V" having property P or Q. We denote by ¢p(G)
and ¢o(G) the minimum cardinality of a subset S € V with property P and Q,
repectively.

Let Pin denote the set of subsets D C V that have property P and mini-
mum cardinality. Furthermore, let 9 denote the set of subsets D C V that have
property Q. We define

P) = i D'|—|D 1
ve(P) = max. min {|D|—|Dl} (1)
to be the number of vertices that are required in worst case to be added to a
set D € P in order to construct aset D' € Q such that D C D'. It follows that

$a(G) < ¢p(G) + v (P). (2)

To construct useful and nontrivial inequalities involving ¢g and ¢p, we need
properties P and Q which are in some way related such that it is possible to
construct a superset, with property O from a set with property P.

For example, this is the case when we compare different types of domination
parameters. For instance, we can analyze relations between different distance-k
domination or p-domination parameters, where some properties like ‘connected’,
‘total’, ‘paired’ or ‘weakly connected’ are added.



Now let @ be a superhereditary property, that is a property such that the
following holds: If S C V is a set with property Q’, every superset S C S’ C V
of S has property Q. We consider the following special case: Let G be connected
and let Q be a property on sets of vertices such that S C V has property Q if and
only if it has property @ and G[S] is connected. Then we can approach ¢o(G) in
terms of ¢p(G) by determining an upper bound for vg(P) in the following way. In
the first step, we expand D to a superset D’ with property Q@ and in the second
step, we expand D’ to a superset D” such that G[D”] is connected. Since Q' is
superhereditary, the set D” has property Q. The number of vertices needed for
the expansion of D’ to D” can be approached as follows. We look for an upper
bound for number of components of G[D’] and for the number of vertices we need
to connect these components.

Using this technique (with P as the property of being maximal irredundant
and Q' as the property of being connected distance-k dominating), the authors
proved in a previous paper [7] the following inequalities.

Theorem 2.1 (Hansberg, Meierling & Volkmann [7] 2007). If G is a connected
graph, then

ok +1
YH@) < 2+ ir*(G) — 2k.

Theorem 2.2 (Hansberg, Meierling & Volkmann [7] 2007). If T is a tree, then

YH(T) < (2K + 1)irk(T) — 2k.
These results imply the following propositions.
Corollary 2.3 (Favaron & Kratsch [6] 1991). If G is a connected graph, then
7.(G) < 3ir(G) — 2.

Corollary 2.4 (Hansberg, Meierling & Volkmann [7] 2007). If T is a tree with ny
leaves, then
| V(T)| - kny + 2k
k > | .
i 2k + 1

Moreover, they conjectured the following.

Conjecture 2.5 (Hansberg, Meierling & Volkmann [7] 2007). If G is a connected
graph, then
YH(@) < (2K 4 1)ir*(G) — 2k.



Further, if b(G) is a lower bound for ¢o(G), we can combine it with inequal-
ity (2) to derive the inequality chain

b(G) < 9o(G) < ¢p(G) + vo(P). (3)
Solving (3) for ¢p(G), we arrive at
op(G) 2 b(G) — va(P), (4)

a lower bound for ¢p(G).

If we consider a property P that implies the superhereditary property Q', we
can omit the first step in the construction of D”. We shall illustrate this in the next
section by proving several inequalities for the connected distance-k dominating
number v¥ (i.e., @' is the property of being distance-k dominating) in terms of the
parameters ¥, % Ak 7}’;,, and 7 for k > 1 and vy, for k = 1. In particular, if G
is a tree, several lower bounds b(G) for the last mentioned parameters are known,
which will lead us to interesting inequalities we will present in Section 3.4.

3 A method in domination

In this section we describe the method used in this paper to derive various bounds
for several domination parameters.

Let G = (V, E) be a connected graph and let & > 1 be an integer. Furthermore,
let X be a property defined on sets of vertices. In terms of Section 2, Py is the
property of being “distance-k dominating and additionally having property X”; Q'
is the property of being “distance-k dominating” and Q is the property of being
“distance-k dominating and connected”. Let D be a set of vertices of G with
property Px, that is, let D be a vertex-set that is distance-k£ dominating and has

property X.
As described in the previous section, we firstly look for a relationship be-
tween yp, = 74 and yo = 4% More precisely, we shall calculate the num-

ber vg(Px) = v¥(X) for various parameters X in the following way. Using prop-

erty Py, we determine an upper bound c*(X) for the number of components
of G[D] and calculate v¥(X) afterwards. This yields

Vo =0 < ¥ T UH(X) = A5 + b (X). (5)
Now let GG be a tree on n vertices. Note that
Y (G) = n —kny, (6)

where n; is the number of leaves of G and that any connected end-dominating set
of G contains all vertices of G. Using (5) and (6), we obtain

18(G) 2 72(G) = vi(X) = n — kny — v (X). (7)
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Note that if the dominating set D we started with is an end-dominating set, that
is, X is the property of being “end-dominating”, we obtain a better lower bound

1%(G) 2 76 (G) =i (X) = n — v (X). (8)

In the last section, we characterize all trees for which the lower bounds (7) and (8)
are sharp. This can be done in two steps. Observe that G is a tree with v5(G) =
n—kn; if and only if G is a tree whose end-edges have been (k—1)-times subdivided.
Using this observation and our construction method, we can analyze which trees
fulfill (5) with equality.

3.1 Upper bounds for cf(X)

Lemma 3.1. Let G = (V, E) be a connected graph, let L be the set of leaves of G
and let S be the set of support vertices of G. Furthermore, let X be a property
defined on sets of vertices and let D be a distance-k dominating set of minimum
cardinality. Then

(a) (X)) <|D| for every property X ;
(b) c(t) < '

(c) cF(pr) <

(d) ¢'(xp) < Pl ond if G is a tree, then

¢ (x2) < [8]+5 (|D| ST = [L]);

(e) c*(e) < |D|—|Ly|, where Ly C L is the set of leaves of G that have a neighbor
in D.

Proof. Propositions (a)-(¢), (e) and the first part of (d) are immediate by the
definition of the corresponding property. It remains to show the second part of (d).

Let G be a tree. Since D is a double dominating set, all leaves as well as all
support vertices of G are in D. So G[D] has at most

51+ | 5001 =181 - 12D

components which completes the proof of this lemma. O



3.2 Upper bounds for v*(X)

Lemma 3.2. Let G = (V, E) be a connected graph, let L be the set of leaves of G
and let S be the set of support vertices of G. Furthermore, let X be a property
defined on sets of vertices and let D be a distance-k dominating set of minimum
cardinality. Then

vl(x2) < cl(x2) = 1;
(f) v¥(e) < 2k(c*(e) + |S\ D| — |L\ Ly| — 1), where Ly C L is the set of leaves
of G that have a neighbor in D.

Proof. Recall the following.

(i) The graph G is connected. This implies that for every component Gy of G[D]
there is a component G of G[D] in distance at most 2k + 1.

(ii) If X =t and x is an arbitrary vertex of D, there exists a vertex y of D such
that the distance between = and y is at most k. Therefore  and y can be
joined to one component by adding at most k£ — 1 vertices to D.

(iii) If X = wc, the subgraph (N*[D], E,,) is connected. This implies that for
every component GG of G[D] there is a component Gy of G[D] in distance at
most 2k.

We now proceed with the proof. Inductive application of observation (i) yields
propositions (a), (d) and the first part of (e). It remains to show propositions (b),
(¢), the second part of (e) and (f).

(b) Suppose that X = t. Using (i) and (ii), we conclude that

() < (k- 1) Bck(t)—‘ ok Q%cm)J - 1) |



(¢) Suppose that X = we. By (iii), it follows that
v¥(we) < (2k — 1)(cF(we) — 1).

(e) Suppose that X = x2 and let G be a tree. Observe that D contains all
leaves and all support vertices of G. In addition, if x ¢ D, it joins two
distinct components of G[D], since G is acyclic. Hence

vl(x2) < cl(x2) —1.
(f) Suppose that X =e. Then D contains all leaves of G by definition. Let s €
S\ D be a support vertex of G that is not in D and let L N N(s) be the set
of leaves that are neighbors of s. Then there exists a component of G[D] in

distance less or equal 2k + 1 to L N N(s). Using this observation and (i), we
obtain

vi(e) < 2k(|S|+ D\ (LU S)| - 1)
= 2k(c"(e) + |S\'D| = |L\ Ly| — 1).

3.3 Relations between various domination parameters

Using inequality (5), the following results are immediate.
Corollary 3.3. If G is a connected graph, then
(a) (Meierling & Volkmann [11] 2005)

7:(G) < (2k + 1)95(G) — 2k;

(b) (Hansberg, Meierling & Volkmann [7] 2007)

3k+1
5 v/ (G) — 2k;

78(G) <

c

(¢) % (G) < 2k (G) — (2k = 1);
(d) 7 (G) < (k + 1) (G) — 2k;
(¢) 7e(G) < 27:2(G) =2 and 7, o(G) < B2y (G) = 2
() 7eelG) < 2k + DE(G) + 2k(|S| — |L]) — 2.
We would like to add the following remark.

Remark 3.4. The inequalities in Corollary 3.3 (a) and (b) were shown for k =1
by Duchet and Meyniel [5] in 1982 and Favaron and Kratsch [6] in 1991, respec-
tively.



3.4 Lower bounds for various domination parameters in
trees

In this section we focus on the class of trees. Using inequalities (7) and (8) com-
bined with Corollary 3.3, we obtain lower bounds for several domination parame-
ters.

Corollary 3.5. If G is a tree on n vertices, L the set of leaves of G and S the set
of support vertices of G, then

(a) (Meierling & Volkmann [11] 2005; Raczek, Lemarniska & Cyman [13] 2006)

n—k|L| + 2k

k
>
VG Z =

(b) (Hansberg, Meierling & Volkmann [7] 2007)

2
3k +1

7 (G) > (n—k|L| + 2k);

n—k|L|+2k -1
2k ’

— k|L| + 2k
d) Ak (q) > L TR
() (G) = "

(e) (Chellali [2] 2006)

(¢) Te(G) 2

2n+2—|S|+|L
pa(C) > P ZEISI I,

n+ 2k — 2k(|S| —|L]|)
2k +1
We would like to add the following remark.

() 7e(G) =

Remark 3.6. The inequality in Corollary 3.5 was shown for k =1 by
(a) Lemariska [9] in 2004;

(b) Chellali and Haynes [3] in 2006;

(¢) Lemanska [10] in 2007;

(d) Raczek [12] in 2007.



The results presented in the next corollary follow from Corollary 3.5 and from
the fact that every restrained as well as every weak dominating set is in particular
an end-dominating set.

Corollary 3.7. If G is a tree on n vertices, L is the set of leaves of G and S is
the set of support vertices of G, then

(a) (Chellali [1] 2005)

n+2+4 L] —|9|
+(G) > ;
Y (G) > 3

(b) (Domke, Hattingh, Henning & Markus [4] 2000)

n+2.

>
7 (G) > 5

(c¢) (Chellali [1] 2005)

n+2+|L| = |5]
> :
Yu(G) > 3 :

(d) (Hattingh & Rautenbach [8] 2002)

n+2'
3 )

Vw(G) >

(e) (Hattingh & Rautenbach [8] 2002)

’76<G) > 71;2.

3.5 Characterization of the extremal trees

We begin with the definition of several classes of trees. A star is a complete
bipartite graph K ,, where ¢ > 1; the vertex in the partition set of size one is
called the center. A double star consists of two stars whose centers are joined by
an edge.

Definition 3.8. Let R be the family of trees that is obtained as follows: Let
Ty, Ts, ..., T, be a set of stars whose edges have been (k — 1)-times subdivided with
centers x1,xo, ..., Tp. Join xy1,xs,..., T, by r —1 paths of length 2k + 1 such that
the resulting graph is a tree.

Let Ry be the family of trees that is obtained as follows: Let Ty, T, ..., T, be
a set of double stars whose edges are (k — 1)-times subdivided with center pairs
{z1, 1}, {z2, 92}, ..., {xr, yr }. Join these pairs by r — 1 paths of length 2k +1 such
that the resulting graph is a tree.
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Let R3 be the family of trees that is obtained as follows: Let Ty,Ts, ..., T,
be a set of stars whose edges have been (k — 1)-times subdivided with centers
1, T, ..., Tp. JOin x1,To, ..., 2, by r—1 paths of length 2k such that the resulting
graph is a tree.

Let Ry be the family of trees that is obtained as follows: Let Ty, Ts, ..., T, be a
set of double stars whose end-edges are (k — 1)-times subdivided with center pairs
{z1,y1},{z2, u2}, ..., {xr, y,}. Join these pairs by r —1 paths of length 2k +1 such
that the resulting graph is a tree.

Let Ry be the family of trees that is obtained as follows: Let Ty, Ts, ..., T, be a
set of stars such that |V (T;)| > 3 fori=1,2,...,r with centers xy,xs, ..., 2, and
let P, Py, ..., P be a set of paths of length one. Join x1,2o,..., 2., P, Ps, ..., Ps
by r + s — 1 paths of length two such that the resulting graph is a tree.

Let Rg be the family of trees that is obtained as follows: Let Ty, Ts, ..., T, be a
set of stars whose edges have been 2k-times subdivided with centers xq,xs, ..., T,.
Join x1,2o,...,2, by v — 1 paths of length 2k 4+ 1 such that the resulting graph is
a tree.

Now we show that the above classes of trees fulfill some of the inequalities
proved in the previous section with equality.

Theorem 3.9. If G is a tree, then
(a) (Meierling & Volkmann [11] 2005; Raczek, Lemanska & Cyman [13] 2006)

- k|L| + 2k
n 2k +1

if and only of G belongs to the family Rq;

(@)

(b) v¥(G) = T l(n — k|L| + 2k) if and only if G belongs to the family Ro;
— k|L| + 2k =1

(c) ¥* (G) = § — ‘2]_: if and only if G belongs to the family Rs;
— k|L

(d) W;fr(G) = % if and only if G belongs to the family Ry;

(e) (Chellali [2] 2006)

_ 2n 42— |S|+|L]

’Yx2<G) 3
if and only if G belongs to the family Rs;
2k — 2 —|L
(f) v5(G) = n+ 2k — 2k(I5] = |L) if and only if G belongs to the family Re.

2k +1

11



Proof. Tt is easy to check that Ry, Ro, ..., Re fulfill (7) or (8) with equality for
the respective property.
If G is a tree that fulfills (7) with equality, then

7e(G) =n — kna, (9)

where n; is the number of leaves of G. If G is a tree that fulfills (7) or (8) with
equality, then
72 (G) = 7%(G) +vi(X). (10)

Equality (9) implies that G is a tree whose end-edges have been (k — 1)-times
subdivided. The remaining equality (10) is fulfilled if and only if c*(X) and v¥(X)
are maximal which results in the classes R, Ra, ..., Rs. O

We would like to add the following remark.
Remark 3.10. The characterization in Theorem 3.9 was shown for k=1 by
(a) Lemariska [9] in 2004;
(b) Chellali and Haynes [3] in 2006;
(c¢) Lemariska [10] in 2007;
(d) Raczek [12] in 2007.
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